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Abstract

“Forecast targeting,” forward-looking monetary policy that uses central-bank judgment to
construct optimal policy projections of the target variables and the instrument rate, may perform
substantially better than monetary policy that disregards judgment and follows a given instrument
rule. Thisis demonstrated in a few examples for two empirical models of the U.S. economy, one
forward looking and one backward looking. A practical finite-horizon approximation is used.
Optimal policy projections corresponding to the optimal policy under commitment in a timeless
perspective can easily be constructed. The whole projection path of the instrument rate is more
important than the current instrument setting. The resulting reduced-form reaction function for the
current instrument rate is a very complex function of al inputs in the monetary-policy decision
process, including the central bank’s judgment. It cannot be summarized as a simple reaction
function such asa Taylor rule. Fortunately, it need not be made explicit.

JEL Classification: E42, E52, E58

Keywords: Inflation targeting, optimal monetary policy, forecasts.
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Non-technical summary

This paper shows that “forecast targeting,” forward-looking monetary policy that uses
central-bank judgment to construct optimal policy projections of the target variables and
the instrument rate, may perform substantially better than monetary policy that disregards
judgment and follows a given instrument rule. Thisis demonstrated in a few examples for
two empirical models of the U.S. economy, one forward looking and one backward
looking. Furthermore, the paper shows that a complicated infinite-horizon central-bank
projection model of the economy can be closely approximated by a simple finite system
of linear equations, which is easily solved for the optimal policy projections. The optimal
policy projections corresponding to the optimal policy under commitment in a timeless
perspective can then easily be constructed.

The paper emphasizes that the whole projection path of the instrument rate is more
important than the current instrument setting. The resulting reduced-form reaction
function for the current instrument rate is a very complicated function of al inputsin the
monetary-policy decision process, including the central bank's judgment. It cannot be
summarized as a simple reaction function such as a Taylor rule. Fortunately, the reaction
function need not be made explicit. The policymakers only need to ponder the graphs of
the projections of the target variables that are generated in the policy process and choose
the projections of the target variables and the instrument rate that look best, from the
point of view of achieving the central bank'’s objectives.

On a genera level, this paper is motivated by a desire to provide a better theory of
modern monetary policy, both from a descriptive and a normative point of view, than the
one-line modeling of monetary policy common in some of the current literature, such as
“monetary policy is assumed to follow a Taylor rule.” The theory of monetary policy
developed in the paper is arguably better from a descriptive point of view, since it takes
into account some crucial aspects of monetary-policy decisions, such as the collection,
processing, and analysis of large amounts of data, the construction of projections of the
target variables, the use of considerable amounts of judgment, and the desire to achieve
(mostly) relatively specific objectives. The modern monetary-policy process the paper
has in mind can be concisely described as “forecast targeting,” meaning “setting the
instrument rate such that the forecasts of the target variables look good,” where “look
good” refers to the objectives of monetary policy, such as a given target for inflation and
a zero target for the output gap. The paper argues that this view of the monetary-policy
process is also helpful from a normative point of view, for instance, in evaluating the
performance of and suggesting improvements to existing monetary policy.

On a more specific level, the paper is motivated by a desire to demonstrate the crucial
and beneficial role of judgment - information, knowledge, and views outside the scope of
a particular model - in modern monetary policy and, in particular, to demonstrate that the
appropriate use of good judgment can dramatically improve monetary-policy
performance, even when compared to policy that is optimal in all respects except for
incorporating judgment. More precisely, judgment is represented as the central-bank's
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conditional mean estimate of arbitrary multidimensional stochastic “deviations’ — “add
factors’ - to the model equations.

The paper also demonstrates the benefits of regarding the whole projection paths of the
target variables rather than forecasts at some specific horizon, such as 8 quarters, as the
relevant objects in the monetary-policy decision process. In particular, the paper argues
that it is important to emphasize the whole projection of future instrument rates rather
than just the current instrument rate. Furthermore, the modern view of the transmission
mechanism of monetary policy emphasizes that monetary-policy actions have effects on
the economy and the central bank's target variables almost exclusively through the
private-sector expectations of the future paths of inflation, output, and interest rates that
these actions give rise to; therefore, monetary policy is realy the management of private-
sector expectations. From this follows that effective implementation of monetary policy
requires the effective communication to the private sector of the central bank's preferred
projections, including the instrument-rate projection. The most obvious communication
of these projectionsisto explicitly announce and motivate them.
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1. Introduction

On a general level, this paper is motivated by a desire to provide a better theory of modern
monetary policy, both from a descriptive and a normative point of view, than much of the current
literature on monetary policy. The current literature to a large extent applies a one-line modeling
of monetary policy, such as when the instrument rate is assumed to be a given function of a few
variables, for instance, “monetary policy is assumed to follow a Taylor rule.”

I believe that the theory that I develop here is better from a descriptive point of view, since
it takes into account some crucial aspects of monetary-policy decisions, such as the collection,
processing, and analysis of large amounts of data, the construction of projections of the target
variables, the use of considerable amounts of judgment, and the desire to achieve (mostly) relatively
specific objectives. The modern monetary-policy process I have in mind can be concisely described
as “forecast targeting,” meaning “setting the instrument rate such that the forecasts of the target
variables look good,” where “look good” refers to the objectives of monetary policy, such as a given
target for inflation and a zero target for the output gap.! I believe this view of the monetary-policy
process is also helpful from a normative point of view, for instance, in evaluating the performance
of and suggesting improvements to existing monetary policy.?

On a more specific level, this paper is motivated by a desire to demonstrate the crucial and
beneficial role of judgment—information, knowledge, and views outside the scope of a particular
model—in modern monetary policy and, in particular, to demonstrate that the appropriate use
of good judgment can dramatically improve monetary-policy performance, even when compared
to policy that is optimal in all respects except for incorporating judgment.® As will be explained
in detail below, judgment will be represented as the central-bank’s conditional mean estimate of

arbitrary multidimensional stochastic “deviations”—“add factors”—to the model equations.* I also

! Bernanke [3] discusses and compares forecast targeting (which he refers to as “forecast-based policies”) and
simple instrument rules (which he refers to as “simple feedback policies”). He states that “the Federal Reserve relies
primarily on the forecast-based approach for making policy” and cites Greenspan’s [9] speech, entitled “Risk and
Uncertainty in Monetary Policy,” as evidence. He also notes “that not only have most central banks chosen to rely
most heavily on forecast-based policies but also that the results, at least in recent years, have generally been quite
good, as most economies have enjoyed low inflation and overall economic stability.”

% See Svensson [22] and Svensson, Houg, Solheim, and Steigum [28] for examples of evaluations of monetary policy
in New Zealand and Norway, respectively, with this perspective.

3 Svensson [25] also emphasizes the role of judgment in monetary policy but does not provide any direct comparision
of the performance of monetary policy with and without judgment.

* Svensson and Tetlow [31] show how central-bank judgment can be extracted according to the method of Optimal
Policy Projections (OPP). This is a method to provide advice on optimal monetary policy while taking policymakers’
judgment into account. An early version of the method was developed by Robert Tetlow for a mostly backward-
looking variant of the Federal Reserve Board’s FRB/US model. The resulting projections have been referred to
at the Federal Reserve Board as “policymaker perfect-foresight projections”—somewhat misleadingly. The paper
demonstrates the usefulness of OPP with a few example projections for two Greenbook forecasts and the FRB/US
model.
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wish to demonstrate the benefits of regarding the whole projection paths of the target variables
rather than forecasts at some specific horizon, such as 8 quarters, as the relevant objects in the
monetary-policy decision process. In particular, I believe that it is important to emphasize the whole
projection of future instrument rates rather than just the current instrument rate. Furthermore, the
modern view of the transmission mechanism of monetary policy emphasizes that monetary-policy
actions have effects on the economy and the central bank’s target variables almost exclusively
through the private-sector expectations of the future paths of inflation, output, and interest rates
that these actions give rise to; therefore, monetary policy is really the management of private-sector
expectations (Woodford [35]). From this follows that effective implementation of monetary policy
requires the effective communication to the private sector of the central bank’s preferred projections,
including the instrument-rate projection. The most obvious communication of these projections
is to explicitly announce and motivate them. Finally, I want to demonstrate the benefits of the
approximation of an inherently rather complex infinite-horizon central-bank projection models of
the economy to much simpler finite-horizon projection models that are much easier to use but still
arbitrarily close approximations to the infinite-horizon models.

The decision process of modern monetary policy has several distinct characteristics (see Brash [4],

Sims [19], and Svensson [22]):

1. Large amounts of data about the state of the economy and the rest of the world, including
private-sector expectations and plans, are collected, processed, and analyzed before each

major decision.

2. Because of lags in the transmission process, monetary-policy actions affect the economy with a
lag. For this reason alone, good monetary policy must be forward-looking, aim to influence the
future state of the economy, and therefore rely on forecasts—projections. Central-bank staff
and policymakers make projections of the future development of a number exogenous vari-
ables, such as foreign developments, import supply, export demand, fiscal policy, productivity
growth, and so forth. They also construct projections of a number of endogenous variables,
quantities and prices, under alternative assumptions, including alternative assumptions about
the future path of instrument rates. The policymakers are presented with projections of the
most important variables, including target variables such as inflation and output, often under
alternative assumptions about exogenous variables and, in particular, the instrument rate

(such as the instrument rate being constant, following market expectations, following some

arbitrary reaction function, or being optimal relative to a specific objective function).
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3. Throughout this process, a considerable amount of judgment is applied to assumptions and
projections. Projections and monetary-policy decisions cannot rely on models and simple
observable data alone. All models are drastic simplifications of the economy, and data give a
very imperfect view of the state of the economy. Therefore, judgmental adjustments in both
the use of models and the interpretation of their results—adjustments due to information,
knowledge, and views outside the scope of any particular model—are a necessary and essential

component in modern monetary policy.

4. Based on this large amount of information and analysis, the policymakers decide on a current
instrument rate, such that the corresponding projections of the target variables look good
relative to the central bank’s objectives. Since the projections of the target variables depend
insignificantly on the current instrument-rate setting and mainly on the whole path of future
instrument rates, the policymakers, explicitly or implicitly, actually choose an instrument-
rate projection—an instrument-rate plan—and the current instrument-rate decision can be

seen as the first element of that plan.

5. Finally, the current instrument rate is announced and implemented. In many cases, the
corresponding projections for inflation and output or the output gap are also announced. In

a few cases, an instrument-rate projection is announced as well.?

This process makes the current instrument-rate decision a very complex function of the large
amounts of data and judgment that have entered into the process. I believe that it is not very helpful
to summarize this function as a simple reaction function such as a Taylor rule. Furthermore, the
resulting complex reaction function is a reduced form, which depends on the central-bank objectives,
its view of the transmission mechanism of monetary policy, the data the central bank has collected,
and the judgment it has exercised. It is the endogenous complex result of a complex process. In
no way is this reaction function structural, in the sense of being invariant to the central bank’s
view of the transmission mechanism and private-sector behavior, or the amount of information and
judgmental adjustments. Still, much current literature treats monetary policy as characterized by
a given reaction function that is essentially structural and invariant to changes in the model of the

economy. Treating the reaction function as a reduced form is a first step in a sensible theory of

> The Reserve Bank of New Zealand has published an instrument-rate projection for many years. The Bank of
Norway is increasingly providing more information about the future path of the instrument rate.
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monetary policy. But, fortunately, this complex reduced-form reaction function need not be made
explicit. It is actually not needed in the modern monetary-policy process.

However, there is a convenient, more structural representation of monetary policy, namely in
the form of a targeting rule, as advocated recently in some detail in Svensson and Woodford [30]
and Svensson [25] and earlier more generally in Svensson [21]. An optimal targeting rule is a first-
order condition for optimal monetary policy. It corresponds to the standard efficiency condition
of equality between the marginal rates of substitution and the marginal rates of transformation
between the target variables, the former given by the monetary-policy loss function, the latter
given by the transmission mechanism of monetary policy. An optimal targeting rule is invariant to
everything else in the model, including additive judgment and the stochastic properties of additive
shocks. Thus, it is a compact, robust, and structural representation of monetary policy, and
much more robust than the optimal reaction function. A simple targeting rule can potentially
be a practical representation of robust monetary policy, a robust monetary policy that performs
reasonably well under different circumstances.b

Optimal targeting rules remain a practical way of representing optimal monetary policy in the
small models usually applied for academic monetary-policy analysis. However, for the larger and
higher-dimensional operational macromodels used by many central banks in constructing projec-
tions, the optimal targeting rule becomes more complex and arguably less practical as a representa-
tion of optimal monetary policy. In this paper, it is demonstrated that optimal policy projections,
the projections corresponding to optimal policy under commitment in a timeless perspective, can
easily be derived directly with simple numerical methods, without reference to any optimal target-
ing rule.” For practical optimal monetary policy, policymakers actually need not know the optimal
targeting rule. Even less do they need to know any reaction function. They only need to ponder
the graphs of the projections of the target variables that are generated in the policy process and
choose the projections of the target variables and the instrument rate that look best relative to the
central bank’s objectives.

The paper is organized in the following way. Section 2 lays out a reasonably general infinite-
horizon model of the transmission mechanism and the central bank’s objectives; defines projections,

judgment and optimal policy projections; and specifies how the optimal policy can be implemented

§ McCallum and Nelson [15] have recently criticized the advocacy of targeting rules in Svensson [25]. Svensson [26]
rebuts this criticism and gives references to a rapidly growing literature that applies targeting rules to monetary-policy
analysis. Walsh [34] shows a case of equivalence between targeting rules and robust control.

" Nevertheless, a general form of an optimal targeting rule is derived in appendix F, for the finite-horizon approx-
imation of the projection model.

Working Paper Series No. 476



and what information the private sector needs from the central bank. The section also presents a
simple model of judgment, when the deviation is a version of a finite-order moving average. Then
judgment can be seen as the accumulation of information over time and allows for a recursive
but high-dimensional representation of the dynamics of the deviation and judgment. Finally, the
section represents the optimal policy projections as the solution to a somewhat complex system of
difference equations, while taking judgment into account. It also makes the point that, fortunately,
the complex reduced-form reaction function need not be made explicit. Section 3 presents a conve-
nient finite-horizon model for the construction of optimal policy projections, for both forward- and
backward-looking models. This finite-horizon model can be written as a simple finite system of lin-
ear equations. Nevertheless, it is an exact or arbitrarily close approximation to the infinite-horizon
model and is easily solved for the optimal policy projections taking judgment into account. Section
4 discusses and specifies monetary policy that disregards judgment and follows different instrument
rules, such as variants of the Taylor rule or more complex instrument rules that are optimal in the
absence of judgment. Section 5 gives examples of and compares monetary policy with and without
judgment, for two different empirical models of the U.S. economy: the backward-looking model
of Rudebusch and Svensson [18] and the forward-looking New Keynesian model of Lindé [13]. In
these examples, monetary policy with judgment results in substantially better performance than
monetary policy without judgment. This is also the case when monetary policy without judgment is
represented as a Taylor rule where the instrument rate responds to forward-looking variables that
incorporate private-sector judgment (although, as emphasized below, there are serious principal
and practical problems in implementing such an instrument rule). Section 6 presents conclusions.

A separate and extensive appendix contains numerous technical details.® These include a general
solution of the policy problem and the related system of difference equations with forward-looking
variables when the deviation is an arbitrary stochastic process; a specification of the model when
the deviation and judgment are finite-order moving-average processes and the application of the
practical method of Marcet and Marimon [14] to that case; the precise mathematical structure of
the finite-horizon approximation model, including the optimal targeting rule; and details on the

empirical backward- and forward-looking models.

¥ The appendix is available at www.princeton.edu/~svensson.
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2. A model of the policy problem with judgment

Consider the following linear model of an economy with a private sector and a central bank,? in a
form that allows for both predetermined and forward-looking variables as well as judgment,

Xtt1 Xy . Zt4+1 ]
=A B . 2.1
[ Crppq ] [ Tt ] T [ 0 (21)

Here, X, is a (column) nx-vector of predetermined variables (one of these may be unity to con-
veniently incorporate constants in the model) in period t; x; is an ny-vector of forward-looking
variables; 4; is an n;-vector of central-bank instruments (the forward-looking variables and the
instruments are the nonpredetermined variables); z; is an exogenous n x-vector stochastic process
and called the deviation in period t; and A, B, and C are matrices of the appropriate dimension.
For any variable ¢, I let g, ; denote private-sector expectations of the realization in period ¢ + 7
of g;1. conditional on private-sector information available in period ¢. I assume that the private
sector has rational expectations, given its information.

For increased generality, the model is formulated in terms of an arbitrary number of instruments,
n;. In most practical applications, monetary policy can be seen as having only one instrument—a
short interest rate, the instrument rate—so then n; = 1.

The upper block of (2.1) provides nx equations determining the nx-vector X; 1 in period ¢+ 1

for given Xy, x4, ¢ and 2441,
X1 = Au Xy + Aoz + Biig + 241, (2.2)

where A and B are partitioned conformably with X; and z; as

A11 A12 Bl
A= , B = . 2.3
|: A21 A22 :| |: B2 :| ( )

The realization of the deviation and the predetermined variables in each period occurs and is
observed by the private sector and the central bank in the beginning of the period (the realization
of z;41 can be inferred from X;.1, Xy, 2; and i; and (2.2)).1

The lower block of (2.1) provides n, equations determining the n,-vector x; in period t for given
Typ1)e, Xt, and iy,

Tt = A2_21(Cxt+1\t — Angt — Bgit); (2.4)

% For simplicitly, there is no explicit fiscal authority in the model, but such an authority and its behavior can be
included in the model (2.1).

10 See Svensson and Woodford [29] for an analysis of optimal policy in a model with forward-looking variables
when the current state of the economy is imperfectly observed and inferred from observed indicators.
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I hence assume that the n, X n, submatrix Ass is invertible. The realization of X; is observed by
the private sector and the central bank in the beginning of period t; the central bank then sets the
instruments, 4; after observing the instruments, the private sector forms its expectations, x; ;
and this finally determines the forward-looking variables x;.

To assume that the deviation appears only in the upper block of (2.1) is not restrictive. Suppose

that I have a model where the deviation appears in both blocks,

o o o XO BO zO
t+1 _ 11 42 t 1, Lt+1
= + 1+ ’ )
{ Crpp) ] { A3 A3 ] [ It ] [ By ] ' { 294 ]
By adding the vector 2y to the predetermined variables, I can always form a new model of the form

(2.1), where

X0 A?l 0 AT2 B? 20
th[zot], A= o o0 0 |, B=| 0 |, ztz[;ot],
% 43, 0 43, B3 :

and there is no deviation in the lower block.

As in Svensson [25], the deviation represents additional determinants—determinants outside
the model—of the variables in the economy, the difference between the actual value of a variable
and the value predicted by the model. It can be interpreted as model perturbations, as in the
literature on robust control.!! The central bank’s mean estimate of future deviations will be
identified with the central bank’s judgment. It represents the unavoidable judgment always applied
in modern monetary policy. Any existing model is always an approximation of the true model
of the economy, and monetary-policy makers always find it necessary to make some judgmental
adjustments to the results of any given model. Such judgmental adjustments could refer to future
fiscal policy, productivity, consumption, investment, international trade, foreign-exchange and other
risk premia, raw-material prices, private-sector expectations, and so forth. The “add factors”
applied to model equations in central-bank projections (Reifschneider, Stockton, and Wilcox [17])
are an example of central-bank judgment. Given this interpretation of judgment and the deviation
zi+1, it would be completely misleading to make a simplifying assumption such as the deviation
being a simple autoregressive process. In that case, it could just be incorporated among the
predetermined variables. Thus, I will refrain from such an assumption and instead leave the dynamic
properties of z;y1 unspecified, except in a special case when the deviation is a version of a finite-
order moving-average process. Generally, the focus will be on the central bank’s judgment of the

whole sequence of future deviations.

' See, for instance, Hansen and Sargent [10]. However, that literature deals with the more complex case when the
model perturbations are endogenous and chosen by nature to correspond to a worst-case scenario.
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More precisely, let the infinite-dimensional period-¢ random vector " = (z],4, 2,9, ...)" (where’
denotes the transpose) denote the vector of the (in period ¢) unknown random vectors zi i1, zit2,...
Let the central bank’s beliefs in period ¢ about the random vector ¢! be represented by the infinite-
dimensional probability distribution ®; with distribution function ®;(¢*). The probability distri-
bution ®; may itself be time-varying and stochastic. The central bank is assumed to know the
matrices A, B, C, D, and W and the discount factor 6 (D, W, and ¢ refer to the central bank’s
objectives and are defined below). The private sector is assumed to know the matrices A, B, and
C, but may or may not know the central bank’s objectives (that is, D, W, and ). The private
sector may or may not have the same beliefs about the future deviations as the central bank.

Let Y; be an ny-vector of target variables. For simplicity, these target variables are measured
as the difference from a fixed ny-vector Y* of target levels. This vector of target levels is held fixed
throughout this paper. In order to examine the consequences of shifting target levels, one only

needs to replace Y? by Y! — Y* throughout the paper. Let the target variables be given by

X¢
Y;g =D Tt y (25)
it
where D is an ny x (nx + n, + n;) matrix.

Let the central bank’s intertemporal loss function in period ¢ be

EtY 0 Liyr = / > 07 Ly d®i(Ch, (2.6)
=0 =0

where 0 < § <1 is a discount factor, L; is the period loss given by
1 !

and W is a symmetric positive semidefinite ny x ny matrix. That is, in period t the central bank
wants to minimize the expected discounted sum of current and future losses, where the expectation
E; is with respect to the distribution ®,.

Since this is a linear model with a quadratic loss function and the random deviations enter addi-
tively, the conditions for certainty equivalence are satisfied. Then, as shown in detail in appendix A,
the optimal policy in period ¢ need only consider central-bank mean forecasts—projections—of all

variables, including the infinite-dimensional mean forecast, z*, of the random vector ¢?,

d=E = /Ctdfl)t((:t).
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The central-bank projection in period ¢ of the realization of the deviation in period t + 7, z¢4r, is
denoted zi4r¢, so 28 = (z V10 % Lot ...)l. The projection 2! is identified with the central bank’s
judgment. Under the assumed certainty equivalence, the projection 2! is, for optimal policy, a
sufficient statistic for the distribution ®;. Although there is genuine uncertainty about the future
random deviations, ¢?, the only thing that matters for policy is the mean, the judgment, zf. The
second and higher moments of ¢!—the variance, skew, kurtosis, and so forth-—do not matter for
policy.? The judgment can itself be seen as an exogenous infinite-dimensional random vector that
is realized in the beginning of each period and summarizes the central bank’s relevant information
in that period about expected future deviations.

Let ¢' = (qg’t, q, 1 ...)! denote a central-bank projection in period ¢ for any vector of variables
G+ (T > 0) (with the exception of €' and &4+, to be introduced below), a central-bank mean
forecast conditional on central-bank information in period ¢. (Thus, for variables other than the
deviation, the projection also includes also the current value, g;+ = ¢;.) The central bank then
constructs various projections of the endogenous variables to be used in its decision process. These
projections of endogenous variables may be conditional on various assumptions. In order to keep
private-sector expectations and central-bank projections conceptually distinct, I denote the former
by qi4; and the latter by giy, ¢ for any variable g;.

For given judgment, 2!, the projection model of the central bank for the projections (X?,
i', Y'') in period t—the model the central bank uses in the decision process to consider alternative

projections—will be

Xtpri1t Xtyrt . Ztpr+lt
t =4 4 Big ey + ) 2.8
[ Cxiyrip Tiyrt bt 0 (28)
Xt+T,t
Yt+T,t =D LTttt (2~9)
Upyrt

for 7 > 0, where X;; satisfies

X0 = X, (2.10)

since the realization of the predetermined variables is assumed to be observed in the beginning of
period t.
In order to introduce more compact notation, let the (nx+mnz+n;)-vector s; = (X7, 2}, 4;)" denote

the state of the economy in period ¢, and let the vector sir¢ = (Xi, ;4 T sy ip4r4) denote the

12 The variance of the future deviations will add a term to the intertemporal loss, but that term is independent of
policy.
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projection in period ¢ of the state of the economy in period ¢+ 7. Finally, let the infinite-dimensional
vector s' = (s}, 8411, St124,--) denote a projection in period ¢ of the (current and future) states
of the economy. By (2.9), I can write the projection of the target variables in a compact way, as a

linear function of the projection of the states of the economy, as
Yt = Dst, (2.11)

where D is an infinite-dimensional block-diagonal matrix with the 7 + 1-th diagonal block equal to
D for 7 > 0.

The set of feasible projections of the states of the economy in period ¢, S;, can now be defined
as the set of projections s! that satisfy (2.8)-(2.10) for given X; and z'.

The intertemporal loss function (2.6) with (2.7) induces an intertemporal loss function for the
3

target-variable projection,’
o

LYY =Y 6V WYy, (2.12)
7=0

The policy problem in period t is to find the optimal policy projection (s, Yt), the projection
that minimizes (2.12) over the set of feasible projections of the states of the economy, that is,

subject to (2.8)-(2.11) for 7 > 0 for given X; and 2!. More compactly,

t — arg min £(Ds"), (2.13)
steS;

S

Yt = D&; and the optimal policy projection (X t 2t 4') of the predetermined variables, forward-
looking variables, and instruments can be extracted from 3.

The policy problem will be further specified below to correspond to commitment in a “timeless

perspective,” in order to avoid any time-consistency problems (see Woodford [36] and Svensson and

Woodford [30]).

2.1. Implementation and what information the private sector needs

The implementation of the optimal policy in period ¢ involves announcing the optimal policy
projection and setting the instruments in period t equal to the first element of the instrument
projection,

1 = lt,t-

' Note that minE¢ 3222 (6" Ligr = min{L(Y") + E;¢ >.2% (6" (Yigr — Yigrt) W (Yerr — Yerre)} = min{L(Y") +
22 07 trace(WCov,Yitr)}. By certainty equivalence, CoviYitr = E¢(Yitr — Yigrt) Yigr — Yigrt)' = [(Yegr —
Yigrt)(Yigr — Y}_‘_T’t)'d@t((t) is independent of policy, so minimizing (2.12) in period ¢ implies the same policy as
minimizing (2.6) in period t.

Furthermore, note that, since trace(WWCov,Y;+-) will normally be strictly positive, (2.6) will normally converge
only for § < 1, whereas (2.12) will normally converge also for 6 = 1.
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In period ¢ + 1, conditional on new realizations of the predetermined variables, X;i1, and the

1

judgment, z*1, a new optimal policy projection, (X*+!, £t+1 78+1 Y+1) is found and announced

together with a new instrument setting,

Upp1 = Vg1 41

In a forward-looking model, the private sector (including policymakers other than the central
bank) will need to know at least parts of the aggregate projections X t &' and 7!, in order to make
decisions consistent with these and make the rational-expectations equilibrium in the economy
correspond to the central bank’s optimal policy projection. If the private sector knows the matrices
A, B, C, D, and W and the discount factor § and has the same judgment 2! as the central bank,
it can in principle compute the optimal policy projection itself—assuming that it has the same
computational capacity as the central bank.

However, the private sector actually needs to know less. An assumption maintained through
this paper is that the private sector knows the model (2.1), in the sense of knowing the matrices
A, B, and C. Furthermore, it observes X; (determined by X;_1, z;—1, and 4;—1 in period ¢ — 1 and
the realization of z; in the beginning of period ¢ according to (2.2)) in the beginning period ¢, then
observes i; = i;¢ set by the central bank, thereafter forms one-period-ahead expectations z;|;, and
finally determines (and thereby knows) x¢; after this, period ¢ ends. In order to make decisions in
period ¢ consistent with the optimal policy projection—that is, decisions resulting in z; = & ; from
(2.4)—the private sector needs be able to form expectations z, 1; = Z141,.. The most direct way is if
the central bank announces 2141+ and the private sector believes the announcement. Formally, ;1 ¢
is the minimum additional information the private sector needs. However, the central bank may
have to provide the whole optimal policy projection, and also motivate the underlying judgment,
in order to demonstrate the optimal policy projections are internally consistent with the model
(2.1). In particular, the private sector may not believe &, 1+ unless it is apparently consistent with
the whole projection #. Furthermore, the private sector will need to know the central bank’s loss
function—D, W, and §—in order to judge whether the projections announced are really optimal
relative to the central bank’s loss function and thereby incentive-compatible, credible. Only then
may the central bank be able to convince the private sector to form expectations according to

the optimal policy projection.'? Indeed, the private sector completely trusting the central bank’s

14 Being explicit about the loss function and announcing the optimal policy projection also seem to take care of
the criticism of real-world inflation targeting expressed by Faust and Henderson [6].
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isolated announcement of £;41; could invite misleading announcements, given the time-consistency

problem discussed below.!® 16

2.2. Judgment as a finite-order moving average

Consider the special case when the deviation is a version of a moving-average stochastic process
with a given finite order T' > 0 (where T' could be relatively large),

T

241 = Er1 Y EriLi1g, (2.14)
=1

where & = (e}, ") = (e}, €},1 4> - Epy1y) 1 a zero-mean iid random (T + 1)nx-vector realized in
the beginning of period t and called the innovation in period t.!7 For T = 0, 241 is a simple iid
disturbance. For T > 0, the deviation is a version of a moving-average process.

It follows that the central-bank judgment z;4,; (7 > 1) is also a finite-order moving average

and satisfies

T T
Ztyrt = Eizeyr = E Ettrttr—j = Et4rt + E Ettrttr—j = Et4rt + Zt4rt—1.
J=T J=7+1

Hence, €4+t = 2t4rt — Zt4+rt—1 can be interpreted as the innovation in period ¢ to the previous
judgment 24,1, the new information the central bank receives in period ¢ about the realization
of 244, in period ¢t + 7. Hence, the judgment 2, in period ¢ is the sum of current and previous
information about zy4,. For horizons larger than T', the central-bank judgment is constant and,
without loss of generality, equal to zero,

Zttrt = 0 (T > T) (215)

The dynamics of the deviation z and the judgment z/T! can then be written as
241 2t €t
[ Lt ] =A. { St ] + [ St ] ) (2.16)

where the (T'+ 1)nx x (T'+ 1)ny matrix A, is defined as

OnxXnX Inx Onxx(T—l)nX
A, = O(T—l)nxxnx O(T—l)nx Xnx I(T—l)nx )
OnXXnX Onxxnx OnXX(T—l)nX

% See Geraats [7] for such examples.

6 Tn a much noted contribution, Morris and Shin [16] and Amato, Morris, and Shin [1] have emphasized the pos-
sibility that public information may be bad and reduce social welfare by crowding out private information. Svensson
[27] scrutinizes this results and shows that, in the model considered by Morris and Shin, public information actually
increases social welfare for reasonable parameters.

'" Note that &' = ()41, 12,65 €111,¢) here denotes a random vector realized in the beginning of period ¢ and
not the projection in period t of the random variables €11, €t42, ...,e¢4+7. That projection is always zero under the
above assumption of &’ being a zero-mean iid random variable.
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where 0., xn, and I,;, denote an m xn zero matrix and an n xn identity matrix, respectively. Thus, the
dynamics of the deviation and the judgment has a convenient linear and recursive representation.

The modeling of the dynamics of the deviation, z;, and the additive judgment, 2z, in (2.16)
allows for a relatively flexible accumulation of information about future deviations. Whereas the
stochastic process for the deviation is not a simple Markov process in terms of itself but a finite-order
moving-average process, it can be written as a higher-dimensional AR(1) process. The restriction
imposed is that the innovation is zero-mean and iid across periods. There is no restriction of
the variance and covariance of the elements of &; within the period. It follows that, for instance,
€¢+r,t May have a variance that is decreasing in 7, corresponding to a situation where there is less
information about the mean projection of deviations further into the future; by assumption, there
is no specific information about the deviation for 7 > T'. For given ¢, there may be serial correlation

of €447+ across 7, corresponding to new information about serially correlated future deviations.

2.3. Representing optimal policy projections

Without the judgment terms (or, alternatively, with the deviation being an iid zero-mean process
or an autoregressive process with iid shocks), the above infinite-horizon linear-quadratic problem
with forward-looking variables is a well-known problem, examined and solved in Backus and Driffill
[2], Currie and Levine [5], and Soderlind [20]. The traditional way to find a solution to this problem
is to derive the first-order conditions for an optimum and combine the first-order conditions with
the model (2.1) to form a system of difference equations with an infinite horizon. The solution
can then also be expressed as a difference equation. Furthermore, Marcet and Marimon [14] have
shown a new practial way of reformulating the problem with forward-looking variables as a recursive
saddlepoint problem (see appendix D).

A new element here is the solution with the judgment. For the case when the deviation is a finite-
order moving average, the dynamics of the deviation and the judgment, (2.16), can be incorporated
with (2.1), the vector of predetermined variables can be expanded to include z!, and the standard
solution can be applied directly.'® The details for this case are provided in appendices C and D.
When the judgment is a realization of an infinite-dimensional random vector, the standard solution
has to be modified to take that into account. The details of that solution in the form of a difference
equation are explained in appendices A and B. Here I shall first report the solution in the form of

an infinite-horizon difference equation and later develop a very convenient finite-horizon version of

the model.

1 . .. . . .
8 Since z; is incorporated in X, one does not need to add z; as a separate predetermined variable.
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Under the assumption of optimization under commitment, one way to describe the optimal

policy projection is by the following difference equations,

fi: q Xt—l—T,t
bl = p| gttt | (2.17)
it Eipr—1t
Etyr-1,
X 7 D, I
{ t+7+1,t = M LT (2 18)
— ) *
bt -
Stpr—1.t

for 7 > 0, where Xt,t = X;. When the deviation is a finite-order moving average and the judgment is
finite-dimensional, 2/*7* denotes the Tnx-vector (2{, ;11 4> 2t ry2.4r - Zyrirys) s Where Ziprijp =0
for j +7 > T. When the judgment is infinite-dimensional, 2/™™! denotes the infinite-dimensional
vector (2yy, 114 Zi4ri245--) - In the former case, F' and M are finite-dimensional matrices. In
the latter case, F' and M include a linear operator R on z/*™! (an infinite-dimensional matrix) of
the form Z?io Rjzi414-4j1, where {R;}3%, is a sequence of matrices. The matrices F', M, and
{R;}32, depend on A, B, C, D, W, and 4, but they are independent of the second and higher
moments of the deviation. The nx-vector =, ; consists of the Lagrange multipliers of the lower
block of (2.8), the block determining the projection of the forward-looking variables.

As discussed in appendix A, the value of the initial Lagrange multiplier, Z;_1 ¢, is zero, if there is
commitment from scratch in period ¢, that is, disregarding any previous commitments. This reflects
a time-consistency problem when there is reoptimization and recommitment in later periods, as
is inherently the case in practical monetary policy. Instead, I assume that the optimization is
under commitment in a timeless perspective. Then, if the optimization, and reoptimization, under
commitment in a timeless perspective started in an earlier period and has occurred since then, the

initial value of the Lagrange multiplier satisfies
St = Ze-1,t-1, (2.19)

where Z;_1+—1 denotes the Lagrange multiplier of the lower block of (2.8) for the determination of
Z¢—1,¢—1 in the decision problem in period ¢ — 1. The dependence of the optimal policy projection
in period ¢ on this Lagrange multiplier from the decision problem in the previous period makes the
optimal policy projection depend on previous projections and illustrates the history dependence of
optimal policy under commitment in a forward-looking model shown in Backus and Driffill [2] and

Currie and Levin [5] and especially examined and emphasized in Woodford [36].
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It follows from (2.17)-(2.19) and (2.11) that the optimal policy projection of the states of the
economy, the target variables, and the instruments will be linear functions of Xy, 2!, and =11,

which can be written in a compact way as

X X X
it ¢ ot ¢ & or ¢
d=H| ., Y'=DH| - . dt=H | 2 , (2.20)
Et-1,0-1 Hi—1,t-1 Hi—1,t—1

where H is an appropriately formed infinite-dimensional matrix, and H; is an infinite-dimensional
submatrix of H consisting of the rows corresponding to the instruments. In particular, the instru-

ment setting in period t will be given by
Xi
it =12t =nh 2t , (2.21)
St—1,t—1
where the finite- or infinite-dimensional matrix h consists of the n; first rows of the matrix H;.

As explained in Svensson and Woodford [30], a simple way of imposing the timeless perspective

is to add a term to the intertemporal loss function (2.12),

1
ﬁ(Yt) + Et_17t_1gcxt7t. (2.22)

In the policy problem in period ¢ — 1, Z;_1 ;—1C can be interpreted as the marginal loss in period
t — 1 of a change in the one-period-ahead projection of the forward-looking variables, x¢;—1. The
time-consistency problem arises from disregarding that marginal loss in the policy problem in
period ¢. Adding the corresponding term to the loss function in period ¢ as in (2.22) handles the
time-consistency problem, and the optimal policy under commitment in the timeless perspective
will result from minimizing (2.22) subject to (2.8)-(2.10) for given X;, 2%, and Z;_14—1.1% Since x4

is an element of the projection s?, the optimal policy projection &' is then defined as

~ 1

at : t o
= a L(D St 1t—17<
5 rgsmtemt{ (Ds") + Ep-1e-15

CILt}, (223)
for given Xy, 2!, and Hi-1,4-1-
From (2.18) follows that the Lagrange multiplier Z;;, to be used in the decision problem in

period t + 1, will be given by
Xi
Et,t = HE Zt N (224)
Eto14-1

19 Alternatively, as discussed in Giannoni and Woodford [8] and Svensson and Woodford [30], one can impose the
constraint
Xy

St—1,t—1

Tt = F,

where F' in (2.17) is suitably partitioned. In the present context, it is more practical to add the term to the
intertemporal loss function as in (2.22).
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where Hz= is a finite- or infinite-dimensional matrix.

Let the set of feasible target-variable projections in period t, )y, be defined as the set of target-
variable projections satisfying (2.11) for projections s’ in the set S; for given X; and z'. In the
special case where the forward-looking variables, x;, happen to be target variables and elements
in Y, so @44 is an element of Y, the optimal target-variable projection, Yt can be defined as the

target-variable projection Y that minimizes (2.22) on the set )y, for given Xy, 2!, and =141,

N 1
Vi = in {L(Y") +Z14-1=Cxt4}.
argyr?égt{ (Y") +Ei1y 15 Tt}

However, in the more general case when some or all forward-looking variables are not target vari-
ables, x4 is not an element of Y, and the optimal policy projection has to be found by optimization

over the set S, as in (2.23).

2.4. Backward-looking model

In a backward-looking model, there are no forward-looking variables: n, = 0. There is no lower
block in (2.1) and (2.8), and there are no forward-looking variables in (2.5) and (2.9). There are
no projections of forward-looking variables and Lagrange multipliers in (2.17), (2.18), (2.20), and
(2.21). There is no time consistency problem and no need to consider commitment in a timeless
perspective.

Hence, for a backward-looking model, the optimal target-variable projection can always be
found by minimizing (2.12) over the set of feasible target-variable projections,

Y= arg Yr{lelljl)t LY,

for given X; and 2.

2.5. The complex reduced-form reaction function need not be made explicit

The compact notation for the determination of the period-¢ instrument é; in (2.21) and the Lagrange
multiplier Z;; in (2.24) may have given the impression that optimal monetary policy is just a
matter of calculating the finite- or infinite-dimensional matrices h and Hz= once and for all; then, in
each period, first observe X;, form 2¢, and recall Z;_1 ;1 from last period’s decision; then simply
compute, announce, and implement 4; from (2.21); and finally compute Z;; to be used in next

period’s decision.
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This is a misleading impression, though. First, h and Hz are indeed high- or infinite-dimensional
and therefore difficult to grasp and interpret. Second, z! is also high- or infinite-dimensional.
It is difficult to conceive of policymakers or even staff pondering pages and pages, or computer
screens and computer screens, of huge arrays of numbers in small print, arguing and debating
about adjustments of the numbers of 2!, such as the numbers in rows 220-250 and 335-385. Third,
no central bank (certainly no central bank that I have any more thorough information about)
behaves in that way, and is ever likely to behave that way. Instead, the practical presentation
of information and options to policymakers is always in the form of multiple graphs, modest-size
tables, and modest amounts of text.

Fourth, the intertemporal loss function £(Y?) has the projections of the target variables as its
argument. What matters for the construction of the target variables is the whole projection path
of the instruments, not the current instrument setting. The obvious conclusion is that the relevant
objects of importance in the decision process are the whole projection paths of the target variables
and the instruments, not the current instrument setting or projections of the target variables at some
fixed horizon. These projection paths are most conveniently illustrated as graphs. Indeed, graphs of
projections are prominent in the existing monetary-policy reports where projections are reported.
The analytical techniques discussed in this paper should predominantly be seen as techniques for
computer-generated graphs of whole projection paths. Pondering such graphs is an essential part
of the monetary-policy decision process. Importantly, policymakers need not know the underlying
detailed high- or infinite-dimensional matrices behind the construction of those graphs. Therefore,
the complex reduced-form reaction functions embedded in these matrices need not be made explicit.

Fifth, in the discussion in section 2.1, there was no reference to the reaction function, only to
the optimal policy projection. Given X; and i, the private sector needs to be able to form the
expectations x;,1; in order to make decisions in period ¢. The minimum for this is the central
bank’s announcement of Z;11;. In order to make that announcement credible, the central bank
may have to announce the complete optimal policy projection and motivate its judgment. But it
does not need to announce any reaction function. In principle, given the reaction function, the
private sector could combine the reaction function with the model and solve for the optimal policy

projection, but that is an overwhelmingly complicated and roundabout way.
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3. A finite-horizon projection model

Regardless of whether the judgment is finite- or infinite-dimensional (that is, whether (2.15) holds
or not), the problem of minimizing the intertemporal loss function is an infinite-horizon problem.
From a practical and computational point of view, it is convenient to transform the infinite-horizon
policy problem above to a finite-horizon one. When the judgment satisfies (2.15), this can be done
in a simple and approximate, but arbitrarily close to exact, way for the forward-looking model, and
in a simple and exact way for the backward-looking model. The finite-horizon model also makes
it very easy to incorporate any arbitrary constraints on the projections, for instance, a particular
form of the instrument projection, such as a constant instrument for some periods. Then, all the

relevant projection paths are computed in one simple step.

3.1. Forward-looking model

Suppose that the estimate of the deviation is constant beyond a fixed horizon 1. Without loss of
generality, assume that the constant is zero.?’ That is, I assume (2.15).

Start by writing the projection model (2.8) and (2.10) for 7 =0,...,7 — 1 as
Xip = Xy, (3.1)

i Xttri1t Zttrtlt
—Aspiry+ ’ = : 7=0,.,T—1). 3.2
t+7,t |: C$t+7+1,t 0 ( ) ( )

where A is the (nx +nz) X (nx +ng +n;) matrix defined by A = [A B]. The first nx equations of
the last block of nx + n, equations in (3.2) determine Xy 7+ for given Xy 7 14, Teyr—14, fe47—14,

and z;y7. The last n, equations of that block are
—An Xy 10 — A2xpyr1 — Batgyr—14 + Capyry = 0.

They determine x;y7_1; for given X;47_1; and i;47_14, and, importantly, for given z;y 7. A
problem is that n, equations determining x;,7; are lacking. I will assume that x;7; is determined
by the assumption that z; 7.1 ¢ is equal to its steady-state level. That is, I assume that the optimal
policy projection has the property that, for (2.15), it approaches a steady state when 7' — oo. This
is true for the models and loss functions considered here. Without loss of generality, I assume that

the steady-state values for the forward-looking variables are zero,

Tt4+T+1,t = 0. (3.3)

20 Tf the estimate of the deviation from horizon T on is constant but nonzero, it can be incorporated among
other constants in the model. If the estimate of the deviation from horizon T on is not constant but follows an
autoregressive process (for instance, if it is assumed to gradually approach a constant), it can be incorporated among

the predetermined variables.
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From this follows that X; 7, 447+, and 4447 must satisfy

—An Xiirp — Asaxiyrt — Boigyr = 0, (3.4)

which gives me the desired n, equations for x; 7.
Let s', the projection of the states of the economy, now denote the finite-dimensional (T + 1) x

(nx + ng + n;)-vector st

= (St4s Sta10 ""S:H—T,t)/' Similarly, let all projections ¢ for ¢ = X, z, 4
and Y now denote the finite-dimensional vector ¢* = (%4>t FEprp q +T7t)’ . Finally, let 2! be the
Tnx-vector 2" = (2y41 4> 21124, -+ %11,) (recall that 2 does not include the component z;).

The finite-horizon projection model for the projection of the states of the economy, s?, then

consists of (3.1), (3.2) and (3.4). It can be written compactly as
Gs' = ¢', (3.5)

where G is the (T'+ 1)(nx + ngz) X (T'+ 1)(nx + ng + n;) matrix formed from the matrices on the
left side of (3.1), (3.2), and (3.4), and ¢' is a (T + 1)(nx + ng)-vector formed from the right side
of (3.1), (3.2), and (3.4) as ¢ = (Xt 2041, 0’5 249,450’y oo 2y, 07, 07)" (Where zeros denote zero
vectors of appropriate dimension).

Since Y now denotes the finite-dimensional (7' + 1)ny-vector Y* = (Y{, Y114 Yiip,)'s T
can write

Yt = Ds', (3.6)

where D now denotes a finite-dimensional (T'+ 1)ny x (T +1)(nx + ng +n;) block-diagonal matrix
with the matrix D in each diagonal block.

The set of feasible projections, S;, is then defined as the finite-dimensional set of s* that satisfy
(3.5) and (3.6) for a given ¢, that is, for a given X; and 2.

It remains to specify the intertemporal loss function in the forward-looking model in the finite-
horizon case. In the forward-looking model, under assumption (2.15), the minimum loss from the
horizon T+ 1 on depends on the projection of the predetermined variables for period t + 1 + 1,
Xi+7+1,¢, and the Lagrange multipliers =;,7; according to the quadratic form

%5T+1 [ X£+T+1,t E;+T,t } 14 [ Xé:j;it } )

where V' is a symmetric positive semidefinite matrix that depends on the matrices A, B, C, D, and

W and the discount factor 0 (see appendix A). It follows from (2.18) and (2.15) that this quadratic
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form can be written as a function Xy17; and Z¢y7_1, as?!

%5T+1 | X{ 7y Elpp_yy |M'VM [ E):ift } : (3.7)

In principle, I could use (2.18) to keep track of =71 . However, a simpler way is to extend the
horizon 7" so far that X; r; and Z;y7_1; are arbitrarily close to their steady-state levels. Without
loss of generality, I assume that the steady-state levels are zero, in which case the above quadratic
form is zero, and the loss from horizon 7" can be disregarded. Checking that X;,7; is close to zero
is straightforward; I will show a practical way to check that Z;;7r_1 is also close to zero.??

Under this assumption, it follows from (2.9), (2.12), and (3.6) that the intertemporal loss
function can be written as a function of s! as the finite-dimensional quadratic form

%st'Qst, (3.8)

where 2 is a symmetric positive semidefinite block-diagonal (7" + 1)(nx + ny + n;) matrix with its
(7 + 1)-th diagonal block being 6" D'W D for 0 < 7 < T. However, in order to impose the timeless

perspective, as explained in section 2.3, I need to add the term

1
Si—1,t-1=Cxt

0

to the loss function, where Z;_1 ;1 is the relevant Lagrange multiplier from the policy problem in
period ¢ — 1. This term can be written w}_,s’, with the appropriate definition of the (T4 1)(nx +
Ny + n;)-vector wy—1 as wi—1 = (0,/ 0, (Et_lyt_l%C’)’, 0',...,0") (where the zeros denote zero vectors

of appropriate dimension). Thus, the intertemporal loss function with the added term is

1
ist'Qst + Wy _18¢ (3.9)

Then, the policy problem is to find the optimal policy projection ' that minimizes (3.9) subject
o (3.5). The Lagrangian for this problem is
1
§st'Qst +wi_qst + AV (Gs' — gh), (3.10)
where A! is the (T + 1)(nx + ng)-vector of Lagrange multipliers of (3.5). The first-order condition
is

sQ+w,_ +AYG =0.

L The matrix M appearing in (3.7) is the matrix M in (2.18) with the columns corresponding to 2" deleted.

22 Appendix E presents an iterative numerical procedure that will provide a projection arbitrarily close to the
optimal policy projection without requiring such a long horizon that X;7; and Z¢17_1,¢ are close to their steady-
state levels.
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Combining this with (3.5) gives the linear equation system

G 0 st gt
ool 61
The optimal policy projection 5! and Lagrange multiplier A® are then given by the simple matrix
inversion?? )
st G 0| t
MEEEIR RN 612

The optimal target-variable projection then follows from (3.6). The optimal policy projection is a

linear function of Xy, 2!, and E¢—1,t-1, and it can be written compactly as in section 2.3,

Xy Xy Xy
d=H 2t , Y!=DH 2t , it = H; 2t ,
Hi-1,-1 Hi-1,t-1 Hi—1,4-1

except that the matrices H and H; and the vector z! now are finite-dimensional. The matrices can

be directly extracted from (3.12). The period-t instrument setting can be written

Xy
’it = ’Ztﬂg =h Zt s (313)

Et-1,t-1
where the finite-dimensional matrix h consists of the first n; rows of the matrix H;. Under assump-
tion (2.15) and a sufficiently long horizon 7', the finite-horizon projections here are arbitrary close
to the optimal infinite-horizon policy projections for 7 = 0,...,T in section 2.3.

The Lagrange multiplier A’ can be written A" = (&}, 841 1, Eh 4, 080104 0Z) 14000 s
6Tz, +7-14)'s Where §, ., is the vector of Lagrange multipliers for the block of equations in (3.1),
(3.2), and (3.4) determining X1, and =1 is the vector of Lagrange multipliers for the block
of equations determining z;y,_1,. Hence, extraction of =171, from A’ allows me to check that
the assumption made above of =;{7_1+ being close to zero is satisfied. If the assumption is not
satisfied, the horizon T can be extended until the assumption is satisfied.?* Furthermore, H¢,+ can
be extracted from A! in order to form the vector w; to be used in the loss function for the policy

problem in period ¢ + 1, to ensure the timeless perspective. The Lagrange multiplier needed in the
loss function in period ¢ + 1, &4, can be written
Xi

Et,t = HE Zt s (314)
Hi—1,4-1

23 Numerically, it is faster to solve the system of linear equations (3.11) by other methods than first inverting the
left-side matrix, see Judd [11].
24 In practice, the horizon T is extended until the optimal projection & is insensitive to variations in 7.
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where the finite-dimensional matrix Hz can be extracted from (3.12).

Again, as noted above in section 2.3, in spite of the compact notation for the instrument 7; and
Lagrange multiplier Z;; in (3.13) and (3.14), these analytical techniques should predominantly be
seen as techniques for computer-generated graphs to be pondered by the policy makers, and the
matrices never need to made explicit to the policymakers. Although the matrices are now formally

finite-dimensional, they are still high-dimensional and somewhat difficult to interpret.

3.2. Backward-looking model

Make the same assumption (2.15) as for the forward-looking model. The projection in period ¢ of
the state of the economy in period ¢ + 7, S¢yr+, is now defined as the (ny + n;)-vector sy, =

(Xiyrtr8t474) for 7> 0, in which case I can write, for the backward-looking model,
Xt—I—T—I—l,t == flsHT’t (’T > T) (315)
The projection model with horizon 7' can now be written

X = Xy (3.16)

- z‘~18t+r,t + Xetri1t = Ztrrt1e 07T -1), (3.17)

where X; and 2! are given. The projection of the states of the economy, s!, is now a (T+1)(nx +mn;)-
vector. Then the projection model can be written as (3.5), where G is a (T'+1)nx X (T'+1)(nx +n;)
matrix formed from the left side of (3.16) and (3.17), and g* is a (T + 1)n x-vector formed from the
right side of (3.16) and (3.17) as ¢* = (X}, 2!’)".

It is a standard result for a linear-quadratic backward-looking model that the minimum loss
from the horizon T+ 1 on depends on the projection of the predetermined variables for period

t+T+1, Xi47114, according to the quadratic form
1
§5T+1Xt/+T+1,tVXt+T+Lt, (3.18)

where V is a symmetric positive semidefinite matrix that depends on the matrices A, B, D, and
W and the discount factor § (see appendix A). I could now, as for the forward-looking model,
assume that the predetermined variables approach a steady-state level for large T', without loss
of generality assume that the steady-state level is zero, and extend the horizon 71" so far that the
predetermined variables are arbitrarily close to zero, and the loss from period T on is arbitrarily

close to zero. I could then form the finite-horizon loss function as for the forward-looking model,
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and this together with (3.16) and (3.17) would form the finite-horizon model, which would be an
arbitrarily close approximation to the infinite-horizon model for sufficiently large 7.

However, the absence of the time-consistency problem and the need to keep track of the Lagrange
multiplier =471 allows a simple approach, which is exact also for small 7', as long as assumption
(2.15) holds for that T'. I follow this approach here.

From (3.15) follows that the quadratic form (3.18) can be written as a function of s; 7, as
+ b
1 I
§6T+182+T?tA/VASt+T?t.
The finite-horizon intertemporal loss function can then be written
1 < 1
2 Z 078ty r g D'WDstir s + §5T+15£+T,tAIVA5t+T,t-
7=0

The intertemporal loss function can now be written more compactly as the quadratic form (3.8),
where € now is a symmetric positive-semidefinite block-diagonal (T + 1)(nx + n;)-matrix, whose
(7 + 1)-th diagonal block is " D'WD for 0 < 7 < T — 1 and whose (T + 1)-th diagonal block now
is 0T(D'WD + §A'V A). Thus, it differs from the matrix Q for the forward-looking model by the
addition of that last term, %521’ V A.

The finite-horizon policy problem is now to find the optimal policy projection §* that minimizes
(3.8) subject to (3.5), for given g?, that is, for given X; and z!. The corresponding optimal target-
variable projection Y then follows from (3.6).

The Lagrangian for this problem is
1
§st’Qst + AY(Gst — gb),
where A is a vector of Lagrange multipliers for (3.5). The first-order condition is
s’Q+ AVG = 0.
Combining this with (3.5) gives the linear equation system
G 0 ss1 4
Q¢ AL Lo |
The optimal policy projection ¢ is then given by the simple matrix inversion,
§ ¢ 0]7'[g
HEERA o1

The optimal target-variable projection then follows from (3.6).
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The optimal policy projection is obviously a linear function of X; and 2!, and I can write,

.§t:H[X;t], Yt:f)H[X;t], it:Hi[X;t],
z z z

where the finite-dimensional matrices H and H; can be extracted from (3.19). The instrument

setting for period ¢ can be written

iy =iy =h [ fgf } , (3.20)

where the finite-dimensional matrix h consists of the first n; rows of the matrix H;.

3.3. Other considerations

A finite-horizon projection model has several advantages. One is that it is very easy to incorporate

any restrictions on the projections. Any equality restriction on X, at, it, or Y?* can be written
Rs' =&, (3.21)

where the number of rows of the matrix R and the dimension of the given vector 5 equal the number
of restrictions. This makes it easy to incorporate any restriction on the instrument projection, for
instance, that it shall be constant or of a particular shape for some periods.

Transforming the model into a finite system of equations may be particularly practical from a
computational point of view for a nonlinear model. It may then also be easy to handle commitment

in a timeless perspective for a nonlinear model.

4. Monetary policy without judgment

Modern monetary policy inherently to a large extent relies on judgment. Previous sections of this
paper have attempted to model this dependence on judgment in a simple but specific way. This
section attempts to specify monetary policy without judgment, in order to compare monetary policy
with and without judgment.

There are several alternatives in modelling monetary policy without judgment. Above, monetary
policy with judgment has been modeled as forecast targeting, finding an instrument projection such
that the corresponding projection of the target variables minimizes a loss function. This procedure
uses all information available to the central bank, including central-bank judgment. This results
in a complex reduced-form reaction function, which fortunately never needs to be made explicit.

When modelling monetary policy without judgment, however, the most obvious route is to consider
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monetary policy as a more mechanical process—a commitment to a particular reaction function, a
commitment to a particular instrument rule.?®

Instrument rules can be divided into two categories, explicit instrument rules and implicit instru-
ment rules (Svensson and Woodford [30], Svensson [25]). An explicit instrument rule is a reaction
function where the instrument responds to predetermined variables only. Its implementation then
consists of the central bank observing the predetermined variables in the beginning of the period,
and then calculating, announcing, and setting the instrument according to this instrument rule.
The implementation obviously requires that the relevant predetermined variables must be observed
by the central bank, but since the predetermined variables in a particular period are independent
of the instrument setting in that period, no further complications arise. An implicit instrument
rule is a relation between the current instrument and some of the current forward-looking variables.
Then, since the forward-looking variables depend on the instrument setting, the instrument and
the forward-looking variables are simultaneously determined. Thus, an implicit instrument rule is
actually an equilibrium condition, a relation that holds in equilibrium. The implementation of an
implicit instrument rule, that is, how to get to the desired equilibrium, is not trivial but a complex
issue. This fact has largely been overlooked in the literature, except, for instance, in Svensson and
Woodford [30] and Svensson [25].

Here, I shall discuss how monetary policy without judgment can be modeled as a commitment
to an instrument rule, either an explicit instrument rule or an implicit instrument rule, with some
discussion of the implementation of the latter. I will start from the reduced-form reaction function
for the instrument setting that follows from the forecast targeting modeled above. For simplicity, I

now consider the realistic case when there is only one instrument, the instrument rate, so n; = 1.

4.1. Explicit instrument rules

The construction of the optimal instrument projection, #’, in the forward-looking model results in
an optimal reduced-form reaction function for the current instrument setting, (3.13) (or (2.21)),
which is repeated here as

it = hxX; + hZZt + hEEt—l,t—la (4.1)

where the row vector h is partitioned conformably with X, 2, and Z;_1¢—1 as h = [hx h, hz| (his

now a row vector, since n; = 1). The optimal reaction function implies a particular instrument

25 This is an approach that a large part of the literature has taken, for instance, most papers in the conference
volume Taylor [33]. The approach is criticized in Svensson [25] and [26].
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response to the predetermined variables, X;; the judgment, z!; and the Lagrange multiplier for
the equations for x;_1;—1 in the policy problem in period ¢t — 1, Z;_1;_1. The discussion here
refers to the forward-looking model; for the backward-looking model, I can simply delete the term
h=Z¢-14-1.

I want to model the central bank setting its instrument in a mechanical way, via a commitment
to a particular instrument rule, while disregarding judgment. Considering (4.1) as a potential in-
strument rule, it is natural that disregarding judgment means that the central bank behaves as if it
believes that 2! = 0 and hence disregards the judgment term in (4.1), h,z!. Thus, monetary policy
without judgment is modeled as the central bank erroneously believing that the expected future devi-
ations equal zero, for instance, the central bank believing that z; is a zero-mean iid process. A first
possibility is then that the central bank also disregards the term with the Lagrange multiplier from
the previous policy problem. For one thing, if the central bank did set the instrument mechanically
in period ¢t — 1 rather than by explicit optimization, it may not be aware of the Lagrange multiplier

and its value. This leaves responding to the current predetermined variables only,
it = hx X;. (4.2)

Such a policy would be inefficient for two reasons, even if the response coefficients to X; are those
of the optimal reaction function (4.1). First, it disregards judgment, the term h.z’. Second, it also
disregards the response to lagged predetermined variables implied by the response to the Lagrange
multiplier, = 1,1, as indicated in (2.19). Indeed, optimization under discretion would result in a
reduced-form reaction function where the instrument responds only to the current predetermined
variables.?® 27

The response to the Lagrange multipliers in (4.1) implies a response to lagged predetermined

variables. Disregarding judgment, the Lagrange multiplier in (3.14) (or (2.24)) follows

Eio1t-1 = HexXy 1+ Hz=Zi 24 2

o0 .
= Z HI-H=xX; 1
=0

26 The resulting reduced-form reaction function resulting from optimization under discretion would have different
coefficients than the optimal hx. Because of this, and because of the missing response to lagged predetermined
variables, the response is suboptimal and results in so-called stabilization bias relative to the commitment policy
(Svensson and Woodford [30]).

2T Given a particular restricted class of instrument rules, for instance, simple instrument rules with only a few
arguments, one can find the optimal instrument rule in that restricted class, see appendix G. The optimal instrument
rule in a restricted class will depend on the stochastic properties of the disturbances to the economy. Many papers
of Taylor [33] provide examples of such optimal restricted instrument rules.
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where Hz is partitioned conformably with X, 2!, and Z;_1; 1 as Hg = [H=x H=. Hzg]. A
second possibility for policy disregarding judgment is then that the policy responds with the optimal
coefficients hz to these lagged predetermined variables, resulting in the reaction function

0 .

iy =hxX¢+hz Y HL_HzxX; 1. (4.3)

j=0
This would seem to be an instrument rule corresponding to a rather sophisticated policy, com-
mitment to the reaction function resulting from optimal policy under commitment in a timeless

perspective, while disregarding judgment.?®

4.2. Implicit instrument rules

Another apparent possibility would be an implicit instrument rule, where the instrument responds to
the forward-looking variables, x;. This might seem advantageous, since, in a rational-expectations
equilibrium, the forward-looking variables might be affected by private-sector expectations of future
deviations. Then, by responding to forward-looking variables, the central bank might indirectly
take judgment into account, although in this case private-sector judgment. Thus, one might want

to consider an ad hoc implicit instrument rule of the form

it = fxXi + faxy, (4.4)

where fx and f, are row vectors of given response coefficients.

As mentioned above, there is, however, a specific problem with the central bank responding
to forward-looking variables, something largely overlooked in the literature (except, for instance,
Svensson and Woodford [30] and Svensson [25]). Since the forward-looking variables depend on
the central bank’s instrument setting, a simultaneity problem arises. The central bank cannot
observe the forward-looking variables before it sets the instrument, and the private sector needs to

observe the instrument setting before it determines the forward-looking variables. A relation such

28 Note that, only if hz is invertible, can this be written on the “instrument smoothing” form

it hxX:+ h=H=x Xt—1 +hEHEEh§1hE ZHéEHEXthlfj
§=0

= hxX¢+hsHzxXi—1+ hEHEEhEI(Z'tfl —hxXi-1)

= hxX:+hs(Hsx — Hezhz 'hx)Xi—1 + heHzshz Vis1.
If there is only one instrument, hz is invertible only if Z;_1:—1 is a scalar, that is, if there is only one forward-
looking variable. The point is that the optimal reaction function under commitment usually cannot be written as an
instrument rule involving current predetermined variable and the lagged instrument, unless i;—1 happens to be one
of the predetermined variables.
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as (4.4) is actually an equilibrium condition, where i; and x; are simultaneously determined. The
implementation of such an equilibrium condition is not straightforward.
A sophisticated way to implement (4.4) is for the central bank to construct projections (X?, z?, it)

that satisfy (4.4). The central bank can amend the relation

birt = [xXigrt + foTigrt (4.5)

for 7 > 0 to its projection model (3.5) (or (2.8)). It can then solve for the projection (X?,zt, )
for given Xy, disregarding the judgment (setting z;4,; = 0 for 7 > 1). These projections will by
construction satisfy (4.5). The corresponding instrument setting, i; = 7, will then be a linear
function of X,

i = fxX;. (4.6)

The central bank can then set this instrument level according to the reduced-form reaction function
(4.6).29

However, if the private sector understands that the central bank is effectively implementing
the reaction function (4.6); has rational expectations of future variables; and, in particular, has
expectations of future nonzero deviations, z; ,; # 0 (1 > 1); the resulting market-determined
forward-looking variables, x;, will deviate from the central-bank projection, Z;;. Thus, although
the instrument setting will satisfy

it = fx Xt + faip,

for the central-bank projection Z;;, it will not satisfy (4.4) for the market-determined forward-

looking variables x;.

29 In the context of the finite-horizon projection model, relation (4.5) can be written as (7' + 1)n; equations,
Rs' =0,
where R is an (T + 1)n; x (T + 1)(nx + nz + n;) matrix. Combining these with (3.5) for 2! = 0 gives an equation

system o .,
(%] =18 ]

where ' is the (T'+1)(nx +na)-vector (X;,0’)’. Under the assumption that the matrix on the left side has full rank,

s’ is given by )
515[%}7[{(}. (4.7)

T = Hoo Xz,

This results in

where the matrix H,o can be extracted from the right side of (4.7) and

B = fxXe + foZee = (fx + fzgzo)Xt = fXXt-
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For relation (4.4) to be satisfied for the market-determined forward-looking variables, the central
bank has to amend the relation (4.5) for 7 > 0 to its production model (3.5) (or (2.8)) and solve

for the projection (X?, zf, 2?) for given Xy, taking the judgment into account.® This results in

Ty = HoxoXt + Hyzo2!
iy = [xXe+ famer = (fx + f:rﬁxXO)Xt + foH 07"

= fXXt + fzzt-
Thus, the resulting reduced-form reaction function is
i = fxXi + f22".

If the private sector understands that this is the reaction function followed by the central bank and
has rational expectations corresponding to the same judgment; the market-determined forward-
looking variables, x;, will equal the central-bank projection, z;;; and the relation (4.4) will be
satisfied in equilibrium.

This is of course an example of a central bank explicitly taking judgment into account, not
an example of a central bank disregarding judgment. But instead of finding the optimal policy
projection, (Xt,:i't,it,f/t), that minimizes its loss function, it finds the projection (X1, x4 Y?)
that satisfies the ad hoc relation (4.4). Since the latter is no easier than the former and, in
particular, suboptimal, this behavior seems a bit far-fetched.

Thus, I can model monetary policy without judgment as following either the explicit instru-
ment rule (4.2), where both judgment and lagged predetermined variables are ignored, or the more
sophisticated explicit instrument rule (4.3), or perhaps some intermediate case of (4.3) where the
summation is over a finite past periods. Using the implicit instrument rule (4.4) is somewhat prob-
lematic, since its implementation is complex and open to alternative very different interpretations,

with very different resulting equilibria.

30 The equation system is then
Glea_T4¢
(G ]e=18 ]

where ¢ is the (T + 1)(nx + na)-vector (X{, 24,0, 2041,4,0', ..., 21474,0',0") specified in section 3.1. Under the
assumption that the matrix on the left side has full rank, s’ is given by

<1874 =

[ [ t
Tt,t = HxXOXt + szOZ ’

This results in

where H,xo and H,.o can be extracted from the right side of (4.8) and

it,t - fXXt + fzwt,t == (fX + f:cﬁzO)Xt + fzﬁzzOZt = fXXt + fzzt~
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4.3. Taylor rules

In the literature, a number of simple ad hoc instrument rules have been used to discuss and evaluate

31 One variant of the Taylor

monetary policy. The most common are variants of the Taylor rule.
rule with instrument smoothing (meaning, in this context, a response to the lagged instrument
rate) is

it = (1= fi)(frme + fyye) + fite—1;

where m; denotes a measure of the difference of inflation from a given inflation target; y; denotes
a measure of the output gap; fr and f, are given positive coefficients that can be interpreted as
the long-run response to inflation and the output gap, respectively; and the coefficient f; satisfies
0 < f; < 1. If inflation and the output gap are predetermined, this is an explicit instrument
rule, and its implementation only requires that the central bank can observe or estimate current
inflation and the output gap. If inflation and/or the output gap are forward-looking variables,
this is an implicit instrument rule, where the instrument and the forward-looking variable are
simultaneously determined. As noted above, such an instrument rule is somewhat problematic and
its implementation may need to be further specified.

One variant of the Taylor rule, a so-called forecast-based or forward-looking Taylor rule, can be

written
it = (1= fi)[famerae + FyUerrce) + fiti—1;

where 74 7; denotes a projection of the difference of inflation from an inflation target at horizon
J >0 and yi1 K+ denote a projection of the output gap at horizon K > 0, where at least one of J
or K is positive. Such an instrument rule is an explicit or an implicit instrument rule depending
on how the projections are constructed. If the projections are constructed with information that is
predetermined in period ¢, the projections are predetermined and the instrument rule is explicit. If
the projections are constructed with information that includes simultaneously determined forward-
looking variables, the instrument rule is implicit and hence an equilibrium condition. Again, the

implementation of such an instrument rule is not trivial and open to alternative interpretations.3?

” Koizicki [12] provides a discussion of the usefuleness of Taylor rules.
32 Svensson [24] discusses additional serious problems with forecast-based instrument rules.
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5. Examples

In this section, I discuss examples of monetary policy with and without judgment in two different
empirical models of the U.S. economy: a backward-looking model due to Rudebusch and Svensson

[18] and a forward-looking model due to Lindé [13].

5.1. Backward-looking model

The backward-looking empirical model of Rudebusch and Svensson [18] has two equations (with

estimates rounded to two decimal points)

mir1 = 0.70m —0.10m—1 +0.28 49+ 0.127m;_3 4+ 0.14 y; + Zrt+1 (51)

1 ) 1
Y1 = 1.16 Yt — 0.25 Yt—1 — 0.10 (Zzgzolt_j — ZE?ZOTH_]‘> + Zyt+1- (52)

The period is a quarter, and 7; is quarterly GDP inflation measured in percentage points at an
annual rate, y; is the output gap measured in percentage points, and 7; is the quarterly average of
the federal-funds rate, measured in percentage points at an annual rate. All variables are measured
as differences from their means, their steady-state levels. The deviations zr;y1 and z,:41 for
inflation and the output gap have been substituted for the shocks of the original Rudebusch-
Svensson model. The predetermined variables are (m¢, 1, Te—2 Tt—2, Yt, Yt—1, bt—1, 1t—2,64—3). See
appendix H for details.

The target variables are inflation, the output gap, and the first-difference of the federal funds
rate. The period loss function is

1 . .
Ly = 5[773 + Ay? + v(iy — thl)Q]v (5.3)

where 7; is measured as the difference from the inflation target, which is equal to the steady-state
level. The discount factor, d, and the relative weights on the output-gap stabilization, A, and
interest-rate smoothing, v, is set so d =1, A =1, and v = 0.2.

Let me emphasize that there may be considerable uncertainty about the future deviations, ¢?,
in this case {zr 14+, 2y 14+ }o2;. Consider a simple case, when the distribution ®; is such that there
is uncertainty only about zr ;4 and only for a finite number of quarters, 1 <7 <T'. Then, I can
take ¢! to be the random T-vector ¢! = (27,4415 -5 Zrt4+1). Suppose furthermore that there are only

four possible events with realizations ¢(j) (j = 1,2,3,4), and that these are as follows:

1. With probability 0.4: ¢'(1) = (0,0,...)’, no deviation.
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2. With probability 0.3: Ct(2) = (0,1.0,1.0,0.0,0.0,0,...)", a short sequence of large “cost push”

shocks.

3. With probability 0.2, ¢*(3) = (0,0.2,0.2,0.2,0.2,0,...), a long sequence of small cost-push

shocks.

4. With probability 0.1, ¢*(4) = (0,1.0,1.0,1.0,1.0,0,...)", a long sequence of large cost-push

shocks.

The resulting judgment is the mean of the future deviations, the T-vector 2! = 0.4 ¢*(1)'+0.3 ¢*(2)'+
0.2¢*(3) +0.1¢(4)" = (0,0.44,0.44,0.14,0.14,0, ...)".

Note that the same judgment arises if the probabilities are the same for the four events but the
first event is that all components 7 = 1, ..., T of ¢! have independent uniform distributions between
—1 and 1; the second event is that all components have the same distributions as for the first event
except that component 7 = 2 and 3 have independent uniform distributions between 0 and 2; the
third event is that all components have the same distributions as for the first event except that
component 7 = 2, 3, 4, and 5 have independent uniform distributions between —0.8 and 1.2; and
the fourth event is that all components have the same distribution as for the first event except
that component 7 = 2, 3, 4, and 5 have independent uniform distributions between 0 and 2. Thus,
behind a given judgment vector can be a distribution ®; involving considerable uncertainty. Still,
only the mean of that distributions matters.

Figure 5.1 shows a situation where the predetermined variables, inflation and the output gap,
and the deviations are assumed to have been equal to their steady-state levels, zero, up to quar-
ter 0. Furthermore, in previous quarters, the central bank’s judgment, 2! (¢ < 0) has been zero:
The central bank’s expected future inflation and output-gap deviations have been zero (although
possibly with large variances).

In panel a, the central bank’s judgment in quarter, 2%, changes from that in previous quarters,
such that the central bank’s expected inflation deviation equals 1 percentage point for quarter 6,
whereas it is still zero in all other quarters; the expected output-gap deviation is still zero for all
quarters.®®> Again, behind these means may be a distribution ®q corresponding to considerable
uncertainty. The expected inflation deviation, denoted z,, is marked by circles with no connecting

line. The panel shows the optimal policy projection in quarter 0, (7°,%°,4% %), of inflation, 7 (the

33 In terms of the modeling of the deviation as a mean-average process in section 2.2, panel a shows the impulse
respons to %,
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Figure 5.1: Monetary policy with and without judgment: Backward-looking model

a. Inflation deviation w/ judgment, A=1,v=0.2, Loss=2.1 b. Inflation deviation w/o judgment, Loss=3.2
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c. Output-gap deviation w/ judgment, Loss=0.51 d. Output-gap deviation w/o judgment, Loss=3.1
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dashed line); the output gap, y (the dashed-dotted line); the instrument rate, ¢ (the solid line); and
the short real interest rate, r (the dotted line).3*

Panel a has two main interpretations. The first interpretation is that the panel just shows the
judgment z° and the optimal policy projection (7%0, 79,1, 79) in quarter t = 0 for the future quarters
7 > 1 and thereby the realization of zg, 7g, 9o, 29, and 7o in quarter 0. Conditional on the actual
realization of 71 and y; (in turn depending on the realization of z;1 and zy1) and the realization
of 2! in quarter ¢ = 1, a new optimal policy projection (frl, 94,1, 79) has to be plotted in quarter
1 for future quarters 7 > 2), and so forth for t = 2, 3, ...

The second interpretation is that the panel shows the probability-zero event that the future
realizations of the random deviation z; for ¢t > 1 are exactly equal to the judgment 20 in quarter 0.
That is, the realizations of z;; for t > 1 are zero, except in quarter 6 when it is 1 percentage point,
and the realizations of z,; for £ > 1 are all zero. In this interpretation, the panel also shows the

optimal policy projection (frt, gt 4t #!) for each quarter ¢ > 1. These optimal policy projections are

31 The short real interest rate is defined as r; = i; — Tt
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then simply the continuation of the optimal policy projection of the previous quarter. Furthermore,
the actual future realization of inflation, the output gap, the instrument rate, and the real interest
rate are then equal to the previous optimal policy projections.

Thus, in the first interpretation, panel a just shows a particular realization of the judgment z°
and the corresponding optimal policy projection (7%0, 79,1%, 7Y). In the second interpretation, panel
a in addition shows a time series of a particular realization of the future deviation—namely the
realization that is exactly equal to the judgment in quarter 0—as well as the resulting realizations
over time of inflation, the output gap, the instrument rate, and the real interest rate. Clearly, the
probability of the future realizations of the deviation being exactly equal to the previous judgment
is generally zero.

Panel a shows that, when the central bank expects a 1 percentage-point inflation deviation in
quarter 6, it chooses an optimal instrument-rate projection such that the instrument rate is raised
to about 1 percentage point during the first few quarters and then gradually lowered back to its
steady-state level. As a result, the projected output gap gradually falls to about —0.5 percentage
in quarter 7 and then very gradually rises back towards zero. The inflation projection shows
inflation falling slightly before it is hit by the inflation-deviation in quarter 6, then rising to almost
1 percentage point, and finally falling back towards its steady-state level after quarter 6. Thus,
the optimal policy projection is a clear example of preemptive monetary policy: The instrument
rate is raised and the output gap is reduced well before the expected inflation-deviation shock, so
as to efficiently control inflation and bring it back to target after the shock. The optimal policy
projection in quarter 0 results in an intertemporal loss of 2.1 units.?® In the second interpretation,
when panel a shows the actual realization of the deviation, the accumulated realized loss over time,
discounted to quarter 0, is also the same 2.1 units (since § = 1, the discounting does not affect the
loss).

Panel b shows the time series of the variables for the same particular realization of the future
deviations when the inflation deviation equals 1 percentage point in quarter 6 and is zero elsewhere.
However, in this panel, the central bank in each quarter disregards judgment, while still responding
optimally to the predetermined variables. That is, the central bank responds in the same way to the
predetermined variables as for the optimal policy, but it does not respond to any expected future

deviation. It behaves as if it believes that the deviation is a serially uncorrelated zero-mean process,

3 Given how the target variables are measured, with the loss function (5.3) and § = 1, an expected difference of
inflation from target of one (two) annualized percentage point(s) for a single quarter gives rise to an intertemporal
loss of one (four) units.
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so its expected future deviations are zero. This corresponds to a commitment to the instrument
rule (4.2) (recall that there is no optimal response to Lagrange multipliers or lagged predetermined
variables for the backward-looking model). The central bank then keeps the instrument rate at
its steady-state level through quarter 5. Accordingly, inflation and the output gap stay at the
steady-state levels through quarter 5. In quarter 6, the inflation shock hits and inflation jumps to
1 percentage point, while the predetermined output gap still stays at zero. In this situation, once
the inflation shock has hit, the optimal monetary-policy response is to raise the instrument rate
substantially, to more than 1.5 percentage points above the steady-state level during the following
few quarters. This reduces the output gap to almost —0.5 percentage points during the next 8-9
quarters. The instrument rate is gradually lowered back to the steady-state level, and inflation
and the output gap return to their steady-state levels very slowly. The absence of any preemption
requires a larger instrument-rate response when the shock occurs, the output-gap is nevertheless
reduced with a considerable lag, and inflation stays above target for a long time. The resulting loss
intertemporal is 3.2, 1.1 units higher than when monetary policy relies on judgment.

Panel ¢ is analogous to panel a, except that it shows a situation when the central bank’s
judgment in quarter 0, z°, is such that the central bank expects an output-gap deviation of 1
percentage point in quarter 6, whereas no other deviations are expected. The expected output-
gap deviation, z,, is denoted by circle markers with no connecting line. Again, panel ¢ has two
interpretations; the first is that the panel just shows the judgment and optimal policy projection in
quarter 0; the second is that is also shows the time series of the variables if the future realizations
of the output-gap deviation are exactly equal to the judgment in quarter 0. For this expected
output-gap deviation, the optimal policy projection shows a substantial increase in the instrument
rate to almost 2 percentage points above the steady-state level in quarter 3—5 and then a rather
quick reduction back to the steady-state level. As a result, the output-gap projection shows output
falling by almost —0.5 percentage points before the expected output-gap deviation hits, after which
it rises to less than 0.5 percentage points and then relatively quickly comes back to the steady-level.
The resulting movements in the inflation projection are small. A modest loss of 0.51 units results
from this preemptive optimal policy projection.

Panel d is analogous to panel b, except that it shows the time series of the variables for the
particular realization of the output-gap deviation when it equals 1 percentage-point in quarter 6 and
is zero in other quarter. The central bank disregards judgment and only responds to current and

lagged inflation and the output gap (although again optimally so, according to the instrument rule
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(4.2)). Then the central bank keeps the instrument rate at its steady-state level until the output-gap
shock hits in quarter 6. Once the shock has hit, it is optimal to raise the instrument rate even more,
to more than 2 percentage points for a few quarters, before it is lowered back to the steady-state
level. The output gap stays up around 1 percentage point for several quarters. This causes inflation
to rise and only very slowly return to target. The output gap has to undershoot the steady-state
level significantly in order to bring inflation back. Clearly, inflation and the output gap deviate
substantially more than when the central bank uses its judgment. The resulting intertemporal loss
is 3.1, 2.6 units higher than the loss for the optimal policy projection with judgment.

This example shows a substantial difference between monetary policy with and without judg-
ment, with substantial differences in the development of the target variables and corresponding

intertemporal losses.

5.2. Forward-looking model

The forward-looking New Keynesian model of Lindé [13] has two equations. I use the following

parameter estimates,

T = 0457wy + (1 —0.457)ms—1 + 0.048y; + 2xt,

Y = 0.425 yt—l—l\t + (1 - 0-425)yt—1 - 0156(% - 7Tt+1|t) + Zyt -

The variables are measured as for the backward-looking model. The predetermined variables are
(Te—1, Yt—1, 1t—1, Zrt, zyt) (the lagged instrument rate enters because it enters into the loss function,
and the two deviations are entered in order to write the model on the form (2.1), see section 2).
The forward-looking variables are (m¢,y;). See appendix I for details. The loss function and its
parameters used in the experiment below are the same as for the backward-looking model.3

Figure 5.2, panel a-d, shows the same experiments as figure 5.1, but for the forward-looking
model. Thus, before quarter 0, the variables are equal to their steady-state levels, zero, and the
central bank does not expect any future inflation and output-gap deviations.

In panel a, in quarter 0, while the inflation and the output-gap deviations in that quarter
are still zero, the central bank’s judgment, z°, changes, such that the central bank expects an
inflation deviation equal to 1 percentage point in quarter 6, whereas it still expects zero inflation

deviations for all other quarters and zero output-gap deviations for all quarters. Again, behind these

36 1 find it very unrealistic to consider inflation and output in the current quarter as forward-looking variables. I
believe it makes more sense to have current inflation and the output gap predetermined, and to have one-quarter-
ahead inflation, output-gap, and instrument-rate plans be determined by the model above. Such a variant of the
newkeynesian model is used in Svensson and Woodford [30] and Svensson [25].
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Figure 5.2: Monetary policy with and without judgment: Forward-looking model

a. Inflation deviation w/ judgment, A=1, v=0.2, Loss=25 b. Inflation deviation w/o judgment, Loss=54

0 5 10 15 20 0 5 10 15 20
Quarter Quarter

c. Output-gap deviation w/ judgment, Loss=0.56 d. Output-gap deviation w/o judgment, Loss=1.9

T
y
I
r
z

o %

0 5 10 15 20 0 5 10 15 20
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expected deviation could be a probability distribution ®y corresponding to substantial uncertainty.
As above, panel a has two interpretations. In the first interpretation, it just shows the judgment
29 and the optimal policy projection (ﬁo,gjo,io,fo). In the second interpretation, it shows the
time series of inflation, the output-gap, the instrument rate, and the real interest rate, for the
particular realizations of the future deviations that are exactly equal to the central-bank’s judgment
in quarter 0. In this interpretation, I also assume that the private sector has sufficient information—
cf. the discussion in section 2.1—to form expectations consistent with the optimal policy projection.

The optimal policy projection in panel a shows that the central bank plans to raise the instru-
ment rate to about 2 percentage points above the steady-state level in the quarters before and
including the time of the inflation shock. This makes the output-gap projection fall to more than
—2 percentage points at the time of the expected inflation deviation. The inflation projection rises
before and up to the expected inflation deviation, because private-sector expectations are forward-
looking and consistent with the optimal inflation projection. After the expected inflation deviation,

the instrument rate, the output gap, and inflation are projected to return to their steady-state lev-
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els. Again, there is a considerable amount of preemption in the optimal policy with judgment,
with a projected positive real interest rate and negative output gap before the expected inflation
deviation. A substantial intertemporal loss of 25 units results from the optimal policy projection.

Panel b shows the realizations over time of these variables when the realizations of the inflation
deviation is equal to 1 percentage point in quarter 6 and zero in other quarters and the central
bank in each quarter disregards judgment while still responding optimally to current and lagged
inflation and output gap. In this case, the central bank is assumed to respond optimally to both
the predetermined variables and the lagged predetermined variables, as if the central bank had
committed itself to the optimal policy under commitment while ignoring its judgment. Hence,
the central bank behaves according to instrument rule (4.3) and responds optimally to the current
deviation but expects zero future deviations. However, the private sector is assumed to have rational
expectations of the future inflation shock. These expectations will increase inflation to more than 4
percentage points at the time of the inflation shock. The central bank’s optimal response to current
and predetermined variables induces it to raise the instrument rate in line with inflation, but it
is nevertheless behind the curve in the sense that the real interest rate becomes negative and the
output gap becomes positive in the first few quarters. The central bank’s response eventually leads
to a high positive real interest rate, a negative output gap, and a fall in inflation. In comparison
with panel a, inflation rises earlier and more, and the output gap falls later, than under the optimal
monetary policy with judgment. The intertemporal loss is 54, a substantial increase of 29 units
above the loss for monetary policy with judgment.

Panel ¢ shows the situation where the central bank’s judgment in quarter 0 is such that it
expects an output-gap deviation of 1 percentage point in quarter 6 and otherwise zero deviations.
The optimal policy projection, taking this judgment into account, is to raise the instrument rate
before the expected output-gap deviation, which moderates the expected impact on the output
gap. The inflation projection remains very flat, and the projections of the real interest rate and
the instrument rate are almost identical. The resulting intertemporal loss is small, 0.56.

Panel d shows the realizations over time of the variables in the situation where the realization
of the output-gap deviation is 1 percentage point in quarter 6 and zero in other quarters and the
central bank disregards judgment and only responds to current and lagged predetermined variables,
although again optimally so, corresponding to the instrument rule (4.3). In comparison with the
second interpretation of panel c, when the panel shows the actual realization of the variables for

the same realization of the deviations, the central bank ends up raising the instrument rate later
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Figure 5.3: Monetary policy with Taylor rules: Forward-looking model

a. Inflation deviation w/ explicit Taylor rule,A=1, v=0.2, Loss=43 b. Inflation deviation w/ implicit Taylor rule, Loss=38
5 T - - 5 - - .
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c. Output-gap deviation w/ explicit Taylor rule, Loss=8.8 d. Output-gap deviation w/ implicit Taylor rule, Loss=8.1
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and more, and there is more movement in both the output gap and inflation. The intertemporal
loss is 1.9, 1.3 units above the loss for optimal policy under judgment.
Again, there are substantial differences between monetary policy with and without judgment

and corresponding intertemporal losses.

5.2.1. Taylor rules

I also examine two variants of Taylor rules for the forward-looking model, an explicit instrument

rule for which the instrument rate responds to lagged inflation and the output gap,
it =1.5 Tt—1 + 0.5 Yt—1,

and an implicit instrument rule for which the instrument rate responds to the forward-looking
current inflation and output,

1 = L.om + 0.5 9.
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As noted in section 4, the implementation of an implicit instrument rule is somewhat complex. 1
disregard these complications here, and just assume that it is somehow implemented. Figure 5.3
shows the realizations over time of the variables when the central bank implementing the two Taylor
rules for the two cases of either an inflation deviation or an output-gap deviation only in quarter 6.

Panels a and b show the result of the explicit and implicit Taylor rule, respectively, when
there is an inflation deviation in quarter 6 and the private sector has rational expectations of that
deviation. The resulting intertemporal losses are substantial, 43 and 38, respectively—18 and 13
units, respectively, above the loss for optimal monetary policy with judgment, 25. Interestingly, the
intertemporal loss with either of the two Taylor rules is less than the policy without judgment that
responds optimally to current and lagged predetermined variables, panel b in figure 5.2, which has
an intertemporal loss of 54. One possible interpretation of this is that history dependence in the
form of responding to the Lagrange multipliers is not always advantageous, when these multipliers
do not take into account the expected future deviations. The loss for the implicit Taylor rule is
lower than for the explicit one. One interpretation is that the implicit Taylor rule takes private-
sector expectations better into account, and therefore indirectly takes the expected future deviation
better into account.

Panels ¢ and d show the result of the two Taylor rules when there is an output-gap deviation
in quarter 6. Here, the intertemporal loss is substantially higher than the small loss for monetary
policy without judgment in panel d of figure 5.2. In this case, the optimal response to current and
lagged predetermined variables does much better than the two Taylor rules.

I conclude that the two Taylor rules perform considerably worse than the optimal policy with

judgment, especially when there are expected future output-gap deviations.

6. Conclusions

The decision process of modern monetary policy that can be called “forecast targeting” —finding
a projection of the current and future instrument rate such that the projection paths of the target
variables “look good” relative to the central bank’s objectives—is formalized in this paper as a
technique that provides projections of the instrument rate and the target variables that minimize
an intertemporal loss function. The paper shows how this technique can easily incorporate central-
bank judgment, a necessary ingredient in modern monetary policy. In two empirical models of the
U.S. economy, a few examples are shown in which forecast targeting that incorporates judgment

provides significantly better monetary-policy performance than a policy that follows an instrument
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rule and disregards judgment. The paper shows how the policy problem, normally treated as an
infinite-horizon problem, can be reformulated as a convenient finite-horizon decision problem, which
is either an exact or a very close approximation to the infinite-horizon problem. This approximation
makes the policy problem much easier to handle numerically. The paper also shows how the time-
consistency problem can be easily managed and the resulting projections made to be optimal under
commitment in a timeless perspective. In particular, the paper shows that it is not necessary to
be explicit about the underlying complex reduced-form reaction function of monetary policy. The
policymakers only need to ponder the projections of the target variables and the instrument rate
under alternative assumptions, and these projections can be presented as graphs.

Several of the ideas and techniques presented here are already applied to various extents by
different central banks. I hope the presentation here will be useful for attempts to apply them
more extensively and systematically.

If policymakers hesitate to make the parameters of their loss function explicit (for instance, the
weight on output-gap stabilization relative to inflation stabilization), the techniques presented here
can still be very useful. For instance, the policymakers can ask the staff to provide optimal policy
projections of the target variables for a range of loss-function parameters. These projections then
provide one way to illustrate the available tradeoffs among the target variables, the set of feasible
projections of the target variables from which the policy makers should choose their optimal policy
projection.

The framework used here is one where mean projections are sufficient for optimal decisions,
what can be called mean forecast targeting, which is sufficient under the assumptions that result in
certainty equivalence. If these assumptions are not satisfied, the principal ideas in this paper can
be extended to a situation when the projections are probability distributions rather than means,
and the intertemporal losses can be computed by numerical integration over those distributions.
This I have previously called distribution forecast targeting (Svensson [23]). The details in such an
undertaking remain to be completed, and the practical differences between mean and distribution
forecast targeting remain to be clarified. Svensson and Williams [32] examines distribution forecast
targeting in a situation when where genuine model uncertainty implies that certainty equivalence

does not hold.
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Appendix to
Monetary Policy with Judgment: Forecast Targeting

Contents

A. Optimal policy under commitment with the deviation being an arbitrary stochastic process

&

The solution of a system of difference equations with the deviation

aQ

The model when judgment is a finite-order moving average

)

. The Marcet-Marimon method to solve the linear-quadratic optimization problem with forward-
looking variables

&3

An alternative finite-horizon numerical procedure for forward-looking models

F. The feasible set of projections of the states of the economy, the feasible set of projections of
the target variables, and the optimal targeting rule

G. An optimal restricted instrument rule
H. An empirical backward-looking model

I. An empirical forward-looking model

A. Optimal policy under commitment with the deviation being an arbitrary sto-

chastic process

Let the model equations for ¢ > 0 be (2.1). A common special case is when the matrix C' = I, but

in general C' need not be invertible. This system can be written

| Xen | X ;
C EtCEt+1 =A Tt + l: t(—)’—l :| , (Al)
Eiit1 it

where Eigir = [ qr+-d®4(¢") for any variable g, (7 > 0), the matrices A and C are of dimension
(nx +ng) X (nx + ny +n;) and given by
C

AE[A B]E[AH A1z Bl])

Ag1 Az DB»

Il
| — |
o~
Qo
o o
| I

where A and B are partitioned according to (2.3).
The target variables are defined by (2.5). The intertemporal loss function in period 0 is

o
Eo» 'Ly,
t=0
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where the period loss function, (2.7), can be written as
Xi
[ X| z} i |[DWD | =z
i

L=

N =

Consider minimizing this intertemporal loss function under once-and-for-all commitment in period
t = 0, for given Xy = Xy. For convergence, when the variance of z;,; is nonzero, I need 0 < § < 1.

Variants of this problem are solved in Backus and Driffill [2], Currie and Levine [5], and Séderlind
[20], when the deviation is an iid shock. The focus here is on the case when the deviation is an
arbitrary stochastic process.

Construct the Lagrangian,

oo [ X | X -
Lo = E()Z(St Ly + [ EQH EQ ] C| Ewi1 | —A| x4 - |: 8_ :|

t=0 Etit41 it

+&6(Xo — X0)/0

o0 [ X | X -

t=0 | G+l i

+ £5(Xo — X0) /0,

where &, and Z; are vectors of nx and n, Lagrange multipliers of the upper and lower block,
respectively, of (A.1). The law of iterated expectations has been used in the second equality,
EoE; = Eg for t > 0. Note that =Z; is dated to emphasize that it depends on information available
in period t.

For t > 1, the first-order conditions with respect to Xy, x; and 4; can be written

[ X «) & |DWD+[¢ =, ]|=C—-[E&,, = ]A=0. (A.2)

S| =

For ¢t = 0, the first-order condition with respect to Xg, zg, and ig can be written

[ X, a i, | DWD+[¢& 0]=C—[Eg&,, = ]A=0, (A.3)

1
)
where X = Xg. In comparison with (A.2), a vector of zeros enters in place of Z_1, since there is

no constraint corresponding to the lower block of (A.1) for t = —1. By including a fictitious vector

of Lagrange multipliers, =_1, equal to zero,
=1 =0, (A.4)

in (A.3), I can write the first-order conditions more compactly as (A.2) for ¢ > 0 and (A.4).
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The system of difference equations (A.2) has nx + n, + n; equations. The first nx equations
can be associated with the Lagrange multipliers §,. Indeed, — &,/d can be interpreted as the total
marginal losses in period ¢ of the predetermined variables X; (for t = 0, with given Xy, the equa-
tions determine £;). They are forward-looking variables: Lagrange multipliers for predetermined
variables are always forward-looking, whereas the Lagrange multipliers for the (equations for the)
forward-looking variables are predetermined. The middle n, equations are associated with the La-
grange multipliers Z;. Indeed, Z;A9s can be interpreted as the total marginal losses in period ¢ of
the forward-looking variables, x;. Also, Z;C can be seen as the marginal loss in period ¢ of expec-
tations Eyx11 of the forward-looking variables. The last n; equations are the first-order equations
for the vector of instruments. In the special case when the lower right n; x n; submatrix of D'W D
is of full rank, the instruments can be solved in terms of the other variables and eliminated from
(A.2), leaving the first nx +n, equations involving the Lagrange multipliers and the predetermined
and forward-looking variables only.

Rewrite the nx + n, + n; first-order conditions as
Xy
_ 1 -
A [ Biria ] —DWD | 2 | +=C [ & ] . (A.5)
=t ; 0 Zi1
3
They can be combined with the model equations (A.1) to get a system of 2(nx +mn,) +n; difference

equations for ¢ > 0,

X1 Xy -
o o] Been Aol ™ 0
01| By _ ) : A
[0 A’] Etzj* ! [D’WD %C’] zj 170 (4.6)
tSt4+1 t 0

= i1
Here, X; and Z; are predetermined variables, and x4, i, and &; are non-predetermined variables.

This can be rearranged as the system

Y1,t+1 Y1t At
el ]-w (][9]

Etyo 141 Yot 0
where
I 0 0O 0 O
O 0 C 0 o0
C=|0 Ay, 0 0 A |, (A.7)
0 Ay 0 0 Al
0 B, 0 0 B
{ X, ] i
Yie = | = ) Yot = | U
=1
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Thus, y1+ is a vector of m; = nx + n, predetermined variables, and yo; is a vector of mo =
ng + n; + nx non-predetermined variables.

Under suitable assumptions (see appendix B), such a system has a unique solution, which can

be written
Yar = Py + 2 (A.8)
yii+1 = My + NEZip1 + PEizp1 + [ i _OEtZtH ] ; (A.9)
where Z; is an ms-dimensional stochastic process given by
7y = i R Eizii14 = RY, (A.10)
=0

3 3 t — / / /
where I can interpret R as a linear operator on 2 = E¢(z;, 1, 2149, -..) -

In terms of the original variables, the solution for ¢ > 0, given Xy and Z_; = 0, can be written

Tt
n = F1|::~Xt :|+th
& -
Xt
= F| 2 |, (A.11)
i1
[ Aen ] — M [ X ] + NRE 2+ 4 PEyzi41 + [ e _OEtzt“ ]
=t St—1
X
_ | o + [ o _OEtzt“ ] : (A.12)

=t—-1
where F' and M are linear operators. The details of the solution are derived in appendix B. The
matrices F1, My, N, P, and {R;}22 ,—and thereby the linear operators M and F—depend on A, B,
C, D, W, and 4, but are independent of the second and higher moments of the exogenous stochastic
process {2:}22;. This demonstrates the certainty equivalence of the commitment solution.?”
If the commitment is once and for all and starts in period 0, Z_1 = 0. Commitment in a timeless

perspective can be seen as corresponding to a situation where the lower block of (A.12) is restricted

to apply also for previous periods. Then, Z; 1 is determined by
Zi-1 = Min X1+ MigeZi o + NoEy 17 + PoEy 12

0. ]
= Z Moo (M121 X 17 + NoEy 1 7 Zy 7 + PoEy 172 7),

=0

37 The middle block of (A.11) is the optimal explicit instrument rule for this problem, the instrument written as
a function of predetermined and exogenous variables. Eliminating the Lagrange multipliers from (A.2) results in
the optimal targeting rule for this problem, a consolidated optimal first-order condition for the target variables. See
Svensson [25] on instrument and targeting rules, as well as the lecture notes Svensson [AT].
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where My, N, and P are partitioned conformably with X; and Z;_1.
Alternatively, the commitment in a timeless perspective can be generated as optimization under
commitment or discretion with a term added to the intertemporal loss function in period 0,

1

[oe)
Eo Z 8L, + cRE

t=0

Cx()a

where =_; is the Lagrange multiplier for the block of forward-looking equations from the optimiza-
tion in period —1 (see Svensson and Woodford [30] and Svensson [25]).

In the standard case, when z; is a vector of iid zero-mean shocks, I have Eyz.41 = 0, Z; =
E(Z;11 =0, and 2z = 0. Thus, the terms involving Z; in (A.11) and (A.12) vanish.?® Consequently,
the effect of z; being an arbitrary exogenous stochastic process shows up only in the addition of the
terms involving Z; and the corresponding matrices N, P, and {R;}2° . Then, I can set M = M;

and F' = Fp, and

Y1,e41 = My + zi41.

Let ¥ denote the variance-covariance matrix of the iid shocks z;y1. Define the matrices D and W

according to

X; I 0 i
Yi=D| 2 | =D | Fuu Fi2 | yit = Dy,
1t Fy1  Fpo

1 1, o, - 1, -
Ly = §Yt/WYt = §yitD/WD?/1t = 5?/’1tW?/1t,
where W is symmetric and positive semidefinite. Then twice the minimum loss in period ¢ will
satisfy

(o ¢]
VeV +w = B 5 Wi
7=0

o0
= yuWyn +E Z "Y1 e WYL 47

T=1

oo
= yitWylt + 0E¢Ei 1 Z 5Ty/1,t+1+TWy1,t+1+T

7=0

= YWy + 0B () 11 VY1 + w)
= Y1 Wyr + 6(y1:M'V My1, + Etzi,t+1V2’1,t+1 +w)

=y Wy + 6y, MV Myy; + dtrace(VE) + bw.

38 In the case when {2} is an autoregressive process and can be written z;41 = Wz + €441, where ¥ is a matrix
and &; an iid zero-mean process, z; can simply be included among the predetermined variable.

Working Paper Series No. 476



It follows that

w = trace(VY),

1=

and that the matrix V satisfies the Lyapunov equation

V=W+§MVM.

(A.13)

It follows that when trace(V'X) is nonzero, I must have § < 1 for the existence of an finite w.

I can use the relations vec(A + B) = vec(A) + vec(B) and vec(ABC) = (C' ® A) vec(B) on

(A.13) (where vec(A) denotes the vector of stacked column vectors of the matrix A, and ® denotes

the Kronecker product) which results in
vee (V) = vec(W)+ dvec (M'VM)
= vec(W)+6 (M @ M) vec(V).
Solving for vec (V') gives
vec (V)= [I -6 (M @ M')] - vec(W).
A.1. No forward-looking variables

If there are no forward-looking variables, so n, = 0, I have

=~ | X1 ~ | Xy
ol I s Iy U I
[Etlt-i-l ] { " ] Ft

where the matrices A and C are of dimension nx X (nx + n;) and given by
A=[A B], C=[1 0]
The period loss function is

1
Li= YWY, =

N |

[X{%]UWD[&].
it

The nx + n; first-order conditions can be written

. 1 -
A&QJZUWD[?]+SUQ
t

(A.14)

(A.15)

(A.16)

Combined with the model equations, I get a system of 2nx + n; difference equations for ¢t > 0,

C 0 KXot A 0 Xi 211
0 A | |[Eder =1 pyp 1o W |+ =g
Ei&i1 0 &t
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Here, X; are predetermined variables, and ¢; and &, are non-predetermined variables.
Under suitable assumptions, this system will have a unique solution for ¢ > 0, given X, which

can be written

|: b :| = F1Xt +th,
&
Xy = MiX:+ Noth + Zt41.

When there are no forward-looking variables, X,y is directly determined by Xj, i;, and 2441

according to (2.1), so M; and Ny are determined by A, B, and Fj as

M

A+ BF;,

NO [B O]a

where
_| F
lﬂ:[%]
is partitioned conformably with i; and &;. In comparison with the general solution of (A.9), for the

backward-looking case,

NoRz!' = NRE 2! + (P — Ez141.

B. The solution of a system of difference equations with the deviation

In order to understand the term in the solution (A.10) and (A.11) that corresponds to the deviation,

consider the system

|- ]

Ety2t+1 Y2t
for t > 0; where y1; is a vector of m; predetermined variables (yi; = (X[, =Z}_;) and m1 = nx + ny
in the previous section); yo; is a vector of msy non-predetermined variables (yo; = (},1},&}) and
mg = ng +n; +nx in the previous section); 6; is an mj-vector of stochastic processes (0; = (z;,0')’

in the previous section); and 19 is given.

By defining the ma-vector of endogenous expectation errors, 7,, as

M = y2r — Eryor,

(B.1) can be written in the form used in Sims [A6],

Doyt = Nye—1 + VO, + 1n,,
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where y; = (y};,v5). Sims shows that, under suitable assumptions, this system has a unique

solution of the form

Ye = Oryi—1 + O0b; + Oy Y OFOgEb; 414+,

7=0

where ©g and ©; are real matrices, ©,, ©, and ©y are complex matrices, and @y@}@g for any
integer 7 > 0 is a real matrix. These matrices can be calculated by his Matlab program Gensys,
available at www.princeton.edu/~sims. An advantage with Sims’s approach is that one need not
keep track of what variables are predetermined or nonpredetermined. An arguable disadvantage is
that the determination of the expectational errors is somewhat complex.

Here, I prefer to keep close track of what variables are predetermined and nonpredetermined
and therefore choose to derive the solution to (B.1) following a route closer to Klein [A4] than
Sims [A6], but going beyond Klein in, as Sims, explicitly treating the case of #; being an arbitrary

stochastic process rather than an autoregressive process. The solution will then be of the form

yor = Fiyu+ 2y,

Yigr1 = My + NEZi1 + PEOpi + (001 — Efira),
oo
Zi = Z R B0 144,
7=0

where Fy, My, N, P, and R, are real matrices to be determined.

Take the expectation conditional on information in period t and write the system as

Ety1,041 ] [ Y1t ] [ Ei0i41 ]
C ’ =M + . B.2
{ Ety2 141 Yot 0 (B-2)

Following Klein [A4], Sims [A6], and Soderlind [20], I use the generalized Schur decomposition.

This decomposition results in the square complex matrices @, S, T, and Z such that

C = QS7, (B.3)
M = QTZ, (B.4)

where Z' for a complex matrix denotes the complex conjugate transpose of Z (the transpose of the
complex conjugate of Z).3° The matrices Q and Z are unitary (Q'Q = Z'Z = I), and S and T
are upper triangular (see Golub and van Loan [A2]). The decomposition is furthermore ordered so

the block consisting of the stable generalized eigenvalues (the jth diagonal element of 7' divided

9 Let the elements of the complex matrix Z be denoted z;x = Re(zjx) 4 i Im(z;x). Then the complex conjugate of
the matrix Z is the matrix of elements Z;r = Re(z;x) — ¢ Im(zjx).
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by the jth diagonal element of S, \; = t;;/s;;) comes first and the block of unstable generalized
eigenvalues comes last.0

More precisely, I assume the saddle-point property emphasized by Blanchard and Kahn [Al]:
The number of eigenvalues with modulus larger than unity equals the number of nonpredetermined
variables. Thus, I assume that |Aj| > 1 for m;+1 < j <mj+mg and |\;| <1 for 1 <j <my (for
an exogenous predetermined variable with a unit root, I can actually allow |A;| =1 for some 1 < j
<my).

Define
[ e } =7 [ vt ] . (B.5)

U2t Y2t

I can interpret ¢1; as a complex vector of m; transformed predetermined variables and ¢o; as a
complex vector of mg transformed non-predetermined variables. Premultiply the system (B.2) by
@ and use (B.3)-(B.5) to write it as

S11 Sz Et91t+1 ] { T Tho ] [ U1t ] [ Q11 ]
UL | e | Eifyi1, B.6
[ 0 Sz ] [ Et2,t+1 0 To || Yo Qu | 7! (B.6)

where S, T, and @) have been partitioned conformably with %1; and go;.

Consider the lower block of (B.6),
S92 E¢2.441 = To2 Gor + Q21E4041. (B.7)

Since the diagonal terms of Soo and Tho (sj; and t;; for my +1 < j < my+meo) satisfy |t;;/s;5] > 1,
the diagonal terms of Th are nonzero, the determinant of 759 is nonzero, and T5s is invertible. Note

that Ses may not be invertible. I can then solve for g9 as

Yo = JEG2p41 + KEbi (B.8)
o0

= ZJTKEt0t+1+T (B.9)
=0

for t > 0, where the complex matrices J and K (mg X mg and mg X my, respectively) are given by

J = T5'S, (B.10)

K = —T3'Qa. (B.11)

Here, I have exploited that the modulus of the diagonal terms of T2_21522 is less than one. I also

assume that E;y2 4, and E;0;, . are sufficiently bounded. Then J"E;%2 ¢+ — 0 when 7 — oo, and

10 The sorting of the eigenvalues is often done by two programs written by Sims and available at
www.princeton.edu/~sims, Qzdiv and Qzswitch.
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the infinite sum on the right side converges. Note that J may not be invertible, since So2 may not
be invertible.

I have, by (B.5),

yir = Znbie + Z1292t, (B.12)
Yor = ZaYie + L2y, (B.13)
where
Z11 Z12
7 = B.14
[ Zo1 L ] (B.1)

is partitioned conformably with y1; and y9:. Under the assumption of the saddle-point property,

Z11 is square. I furthermore assume that Z11 is invertible. Then I can solve for g4 in (B.12),
i = 211y — 251 Zraiar, (B.15)

and use this in (B.13) to get
Y2 = Fiyie + Hyo, (B.16)

where the real mg x m; matrix F; and the complex mg X mg matrix H are given by

P = ZnZ, (B.17)

H = Z22 — ZngfllZlQ. (B18)

I will show below that H is invertible.
By (B.9) and (B.16), I can then write the solution of yg; as

Yor = Frye + Zs, (B.19)

where Z; is a real exogenous ma-vector stochastic process (not to be confused with the unitary

matrix Z in the Schur decomposition) given by

Zy = Hyy = ZRTEt0t+1+‘rv (B.20)
7=0
R, = HI'K (r>0), (B.21)

where the matrices R, are real.
I note that the complex conjugate transpose of Z, Z’, satisfies
VAPV
7 =|%n “n | (B.22)
Z1y Lo
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where the submatrices are given by (B.14). Since Z2'Z = ZZ' = I, 1 have

ALRAY 2y Zy | _ | ZuZn+ ZiZiy ZuZy+Zw2Zy | _ |10 (B.23)
Zo1 2o Z1y  Zh ZonZq + ZoaZyy ZonZhy + ZaaZhy 0 I}’ '

By (B.22), I can write
Yot = Zizylt + ZéQ?/2t-

Using this in (B.16) gives

yor = Fiyw + H(Z19y1e + Zoyor)
= (Fl + HZ{Z)ylt + HZé2y2t.

It follows that

F+HZ, = 0, (B.24)
HZb, = I (B.25)
I can also show (B.24) by using (B.23),
Zon Z3 4 (Zag — Zon 20 Z12) 21 = ZonZyy' + ZoaZiy — Zo1 Z11 Z12 745

= ZonZ + ZoaZiy — Zon Z3HI — Z1174,)
= T Z + ZoaZiy — Zan Z1t + Zn 714

= 0.
Similarly, I can show (B.25) by

(Zog — Zo1 Z1' 712) Zhey = ZoaZby — Zo1 21 Z12 2
= Z9Zhy — Zon Zi (= Z11ZY,)
= ZoZny + Zo1Zy

= I
It follows from (B.25) that H is invertible and that its inverse is given by
H =27, (B.26)
It remains to find a solution for y; +4+1. The upper block of (B.6) is

S11Ey1,041 + S12E2,441 = T1191¢ + T1292t + Q11E:0141.
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Since the diagonal terms of S and Ty; satisfy |¢;;/s;;] < 1, all diagonal terms of Si; must be

nonzero, so the determinant of S11 is nonzero, and S11 is invertible. I can then solve for E;y1 441 as

Eifi 1 = Sy (Tidiae + Tiofizt) — Si7t S12Eefo 1 + S17' Qu1Eeis1.

By (B.12),

Ewii1 = ZuEwi + Z1oEe 1
= Zn[S (Tt + Tiadar) — Si7tS12Eedoi1 + St QuiEe0i11] + Z12Eifin i1
= ZuS'Tuie + Z11S Tiatior + (Z12 — Z11S1-S12) Bedize+1 + Z11511 Q11 Erbs 11
= ZuSH'Tu(Zi vie — Zi ZagGar) + Z11 S Tiobior + (Z12 — Z11S1 S12) Bz 1
+ Z11S1' Q11 Ef1 11
= ZnuSHtTuZi vy + 211 S (Ta — T Z Z1o) o
+(Z12 — Z11571' S12)Exos1 + Z11577 Q11EiOr 41
= ZuSH T Z v + 21 S (Tha — T Zy Z12) (JEiiags1 + KEfiy 1)
+(Z1a — Z11571 S12)Eeiosr1 + Z115 QuiE0i1 1
= ZuSH T Z3 i
+ 21 S (The — T Z13 Z12) T + (Z12 — Z11S17S12) | Eedii 41

+ Z11S3 Q11 + (Tha — T Z17  Z12) KB40y 41, (B.27)

where I have used (B.15) and (B.8).
It follows that I can use (B.27), (B.20), and (B.26) and write the solution as

Y1441 = My + NEZy 11 + PE0 1 + (0141 — Eib1), (B.28)

where the real matrices M, N, and P are given by

M = ZuS;'Tuzi, (B.29)
N = [ZuS (Tia — TiuZ Z12)J + (Zia — Z1151 S12)] Zbs, (B.30)
P = lesﬁl Q11 + (Th2 — T11Zﬁ1Z12)K]. (B.31)

Thus, the solution to the system (B.1) is given by (B.19) and (B.28) for ¢t > 0. This results in
the solution (A.11)-(A.12) above, where the matrix P in (A.12) is the submatrix of the first nx

rows of the matrix P in (B.31) (since 0y 41 = (21,1,0")").
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C. The model when judgment is a finite-order moving average

When the deviation is a finite-order moving-average process and the dynamics of the deviation and

judgment is described by (2.16), the model can be written as

Xtt1 | X B €t+1
PR =A| 2t | +Big+ | et |, (C.1)
C$t+1|t Tt 0

where the matrices A and B are given by

) An Aaz Ax ~ By
A= 0 Ape 0 |, B=| 0 |,
A 0 Ap By

the matrix A, is partitioned conformably with z and z! as

_ 10 Ao
Az:[o Az22:|’

and Z; = (g},"")’ is zero-mean and iid. Thus, this results in the standard forward-looking linear-
quadratic model, with the predetermined variables being X; and z!. The optimal policy projection
can then be described as (2.17) and (2.18), where F' and M are finite-dimensional matrices. The
intertemporal loss for the optimal policy projection can then be written as

/

1 X X
- 2t % 2t ,
2 - —_

St—1,t—1 St—1,6—1

where the matrix V is the solution to the Lyapunov equation,
V=W+sMVM,

the symmetric and positive semidefinite matrix W is defined by

!/

I00 I00
W=| F DWD| F, |,

and the matrix F' is partitioned conformably with z; and ; as

Working Paper Series No. 476



D. The Marcet-Marimon method to solve the linear-quadratic optimization prob-

lem with forward-looking variables

Let X; = (X3, 2!) and write the model (C.1) as

Xit1 = AnXi+ Aioxy + Brig + &4, (D.1)

CEwi1 = An Xy + Agewy + Boiy. (D.2)

Write the period loss function as

a9/

L[ X X
Lt = 5 €T WO T s (D3)
i i

where the symmetric positive semidefinite matrix W0 is defined by

!/ - /

X X Xt Xt
Tt WO Tt = T D/WD T
it it | it it
Consider the problem in period 0,
(o]
min Eo» 8Ly, (D.4)

{it}t>0 P
subject to (D.1), (D.2) and X given. The minimization is taken to be under commitment.
Marcet and Marimon [14] show that this problem can be reformulated as a recursive saddlepoint

problem,

max  min E025tit, (D.5)
=0

{7i}e>0 {ztsit b0

where the modified period loss function satisfies
Ly = f/(Xt,Et—lsﬂ?t,ita’Yt)
= Li+1L;
= Ly +,(— A1 Xy — Agoxy — Boiy) + %E;_lcxt,
and the optimization is subject to (D.1), to
Et =7 (D.6)

and to Xp and =_; = 0 given. The value function for the saddlepoint problem, starting in any

period t, satisfies

V(X4,Epo1) = max (min){i(Xt, Si-15 24,10, Y,) + OBV (Xig1, o)},
t Tt,lt
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subject to (D.1) and (D.6).

Define
XtE[HXt ]7 w=| it |,
St—1
Vi
and define W, A, B, and C such that

- 17 X1 AT X
Ly == D.

=5 v (0.7)
X1 = AX; + Biy + C&441. (D.8)

The problem (D.5) subject to (D.8) and given X, is isomorphic to a standard backward-looking
linear-quadratic problem, except being a saddlepoint problem. However, the saddlepoint aspect
does not affect the first-order conditions. It is easy to show that the first-order conditions of the
saddlepoint problem are identical to those of the original problem, (D.4) subject to (D.1) and (D.2).

The value function for the saddlepoint problem is quadratic,

V(X)) = o (X[VX +w),

DO | =

where V solves the Riccati equation,

V=Q+0AVA—(BVA+N')BBVB+R) Y éBVA+N,
where
=[5
is partitioned conformably with X; and 7.

The optimal reaction function for the saddlepoint problem is linear,

it:FXt = Fz Xt,

where F' is partitioned conformably with x, 4, and v, and satisfies

This reaction function function is the optimal reaction function function for the original problem.
Optimization in a timeless perspective in period ¢ corresponds to taking =;_; from the previous

period’s decision problem as given, also in period O.
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The equilibrium dynamics will be given by

X1 = MX;+ Ceppa,
Ty = Fth
i = FXy,
1~ - -
L = XWX,
where
M = A+ BF,
107 I0
W= | F, | W°| F,
F; F;

The value function for the saddlepoint problem can be decomposed according to

- - - 1 - -
(X[ VX +0) = =(X[VX; +w) + E(nglxt +wl),

N | —

1
2
where
1o > 1y, =
XX +w) = E > 5T—t§Xt’ W X,
7=0

is the value function for the original problem starting in period ¢ with X; = (X/,Z,_,) given. The

matrix V will satisfy the Lyapunov equation,
V=W+éMVM,
and, when § < 1, the constant w will satisfy

tr(é,VéZgg),

YT

where Yzz is the covariance matrix for &;.

E. An alternative finite-horizon numerical procedure for forward-looking models

In the finite-horizon model in section 3.1, there is an obvious alternative numerical procedure that
will provide a projection arbitrarily close to the optimal policy projection without requiring such a
long horizon that X; 7 and Z;,7_1; are close to their steady-state levels. It requires iterations,

though.
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Assume that iteration j — 1 has resulted in Egi}lzl ;- Start iteration j by using (2.17) and (2.18)

to replace (3.3) by

XevTt
Teyryre = FpM | _(j-1) ;
S T—1,¢
where the matrices F; and M; are defined by
Xt Xt
F| 0 EFI[_Xt ] M| 0 EMI[HXt }
= = - =t—1
=1 —t—1
and F} is partitioned conformably with x; and i; as
_ | Fx
n=l ]
Consequently, replace (3.4) by
. XiyTt
—Ao1 X1y — Aoy — Boiyry + CF My | _(j—1) =0. (E.1)
ST -1t

Use (3.1), (3.2), and (E.1) to construct G and g' (the left submatrix of the matrix CF,M; will
enter the last block of G and the product of the right submatrix and Eg__Tlll , will enter the last
block of g*). Furthermore, add the term (3.7) with EirT—14 = Egi}lzu to the loss function (that is,
modify the diagonal block of €2 that corresponds to X;;7; and add a linear term that corresponds

to the cross products of X; 7 and Eg—lel ;). Find the optimal policy projection §'9) and Lagrange

multiplier A*Y) via the analogue of (3.12). This ends iteration j and results in EEQT_I ;- Continue

until Egi)T—l,t has converged.
Obviously this alternative procedure does not require that X; 7 and Z;7_1; are close to
their steady-state levels. Which procedure is fastest will depend on the number of variables in the

problem and the rate of convergence towards the steady state of the optimal policy projection.

F. The feasible set of projections of the states of the economy, the feasible set of

projections of the target variables, and the optimal targeting rule

In the finite-horizon projection model in section 3.1, the feasible set of projections in period ¢ of

the states of the economy, Sy, is the set of projections s that satisfy (3.5), repeated here as
Gs' = g'. (F.1)

That is, St is the set of solutions to (F.1) for given G and g*. Define n = (T + 1)(nx + ng + n;),
m= (T +1)(nx +nz) <n,and p= (T + 1)n; =n — m. Note that G ism x n, s’ isn x 1, and ¢

is m x 1. Assume that G is of rank m.
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Since G is of rank m, the set of solutions to (F.1) is a linear manifold of R" of dimension

p=n—m.4 It can be written as the set of projections s* that satisfy
st =Gty + (I - GTG)¢ (F.2)

for any £ € R" (see Harville [A2, chapters 11 and 20]). Here, the n x m matrix G* is the Moore-

Penrose inverse of G. When G is m x n and of rank m, the Moore-Penrose inverse is given by
Gt =G'(GG)™

(note that GG’ is m x m, of rank m, and hence invertible). Then, G*G = G'(GG')~'G is a
projection matrix that projects vectors in R"™ on the m-dimensional column space of the n x m
matrix G/, the transpose of G.*> Denote the column space of G’ by C(G'). For any ¢ in R",
the vector GTG¢ lies in C(G’). Then I — GG is a projection matrix that projects vectors in R"
off the column space of G’, that is, on the p-dimensional subspace of R™ orthogonal to C(G'),
the orthogonal complement of C(G’) (relative to R™), denoted C+(G"). Hence, the solution set S;

consist of C+(G") shifted away from the origin by the vector G* g,
S ={G"g'} +cH@).

Furthermore, the vector GTg' is the s’ of minimum norm that satisfies (F.1). Then, GTg' is
orthogonal to the solution set S; and lies in the column space of G, C(G").*3

Figure F.1 provides an illustration of the above, when n = 2 and m = p = 1. The linear manifold
S;, the set of feasible projections of the states of the economy, s, is shown as the negatively sloped
line through the point s = G*g*. The column space C(G’) is the positively sloped line through
the origin. The linear manifold S; is orthogonal to the column space. The orthogonal complement
of the column space, C+(G’ ), is the negatively sloped line through the origin. The linear manifold
is the orthogonal complement shifted away from the origin to the point G*g*. Furthermore, the
point GT ¢! is the point in the linear manifold with the shortest distance to the origin.

Let G+ denote a p x n matrix with p linearly independent rows, each of which is orthogonal to

the m rows of G. Then C+(G') = C(G*'), where the latter expression denotes the column space of

! Let V be a linear space. A subset S of V is a linear manifold of V' (also called a linear variety of V), if there is a
v in V such that the set S — {v} = {s—wv|s € S} is a subspace of V. The dimension of S is the dimension of S — {v}.
Hence, a linear manifold is a subspace that has possibly been shifted away from the origin (in the above case by the
vector v).

42 In this section, the word “projection” is used not only to refer to mean forecasts but also, depending on the
context, to refer to mathematical projections in linear space.

43 A vector is orthogonal to a linear manifold if it is orthogonal to the corresponding subspace.
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Figure F.1: The set of feasible projections of the state of the economy, S;

Qs'+w, R
—] aG")
&t
G'g!
0 S,
CH(G")

G, and S; can be written as the set of projections s* that satisfy
St — G+gt 4 GJJ&-

for any £ € R™.
The projection of the target variables, Y?, is a linear function of the projection of the states of

the economy according to (3.6), repeated here as
Yt = Ds'. (F.3)

Let ¢ = (T +1)ny < n, note that Y*is ¢ x 1 and D is ¢ x n, and take D to be of rank ¢. It follows
that the set of feasible projections of the target variables, ), consists of the set of projections Y
that satisfy
Y'=DG*tg' + DG¢

for any ¢ in R™. This is a linear manifold of R? of dimension at most min(p, q). If I take as the
normal case that the number of target variables is at least as large as the number of instruments,
ny > n; (typically, there are at least two target variables, inflation and the output gap, but only
one instrument, the instrument rate), I have ¢ > p, and the set of feasible projections of the target
variables, ), is a linear manifold of R? of dimension at most p < q. The matrix D simply maps

the p-dimensional linear manifold S; of R™ into the at most p-dimensional linear manifold ), of RY.
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Figure F.2: The set of feasible projections of the target variables, ),

R4

Vi

C(DG*")

It follows that ) is the at most p-dimensional column space C (DGJ-' ) in RY shifted away from

the origin by the vector DG g,
V; = {DG*¢'} + C(DGY).

Figure F.2 provides an illustration of the above, when ¢ = 2 and p = 1. The linear manifold
V4, the set of feasible projections of the target variables, Y7, is shown as the negatively sloped line
through the point Y = DG+gt. The column space of the matrix DG*', C (EGL’ ), is shown as the
negative sloped line through the origin. The linear manifold )} is this column space shifted away

from the origin to the point DG ¢.

F.1. An optimal targeting rule for the forward-looking model

Consider the first-order condition for optimal policy under commitment in a timeless perspective

in the forward-looking model, (3.10), rewritten here as
Qs + w1 +G'A'=0 (F.4)

The optimal targeting rule is the first-order condition in terms of Y when the Lagrange multiplier
has been eliminated.

Let me interpret the first-order condition in terms of s?, eliminate the Lagrange multiplier, and
interpret the resulting targeting rule. Note that Q is n x n, s and w;_1 are n x 1, G' is n x m and

of rank m, and A? is m x 1.
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Write the first-order condition as
Qs' + Wi—1 = G,(— At) (F5)

The term Qs’ + w;_1 on the left side is the gradient of the loss function with respect to st, a vector
in R™. The condition (F.5) can be interpreted as stating that the gradient of the loss function is an
element of the m-dimensional column space of the n x m matrix G/, C(G"), with — A? providing the
coefficients of the corresponding linear combination of the column vectors of G’. This is equivalent
to the tangency of the loss function’s iso-loss surface in R™ with the feasible set of projections,
S;. The gradient of the loss function is orthogonal to the iso-loss surface. Tangency of the iso-loss
surface with &; is then equivalent to the gradient being orthogonal to S;. The subspace orthogonal
to 8¢ is C(G'), as noted above.

This is illustrated in figure F.1 when n = 2 and m = p = 1. The curve shows part of the iso-loss
surface of the loss function that is tangential to the linear manifold S;. The tangency occurs at

. The gradient of the loss function at that point, Q3% + w;_1, is

the optimal policy projection, §
shown as the vector pointing northeast from that point. Tangency between the iso-loss surface and
the linear manifold is equivalent to the gradient being orthogonal to the linear manifold, or the
gradient being an element in the column space, C(G").

In order to eliminate the Lagrange multipliers, premultiply (F.5) by G,*
G(Qs' +wi 1) = GG'(— AY). (F.6)
Exploit that GG’ is m x m, of rank m, and hence invertible, and solve for — A?,
— A= (GG G (s + wiq). (F.7)
(The matrix (GG’)~1G is actually the Moore-Penrose inverse of G, G'*, where G’ is n x m with
rank m.) Substitution of A! in (F.4) gives

M(Qs' +wi—1) =0, (F.8)

where M is the n x n matrix (not to be confused with the matrix denoted M in other sections of
this paper)
M=1-G (GG G=I-G"G.

1 One might ask why multipliying with the matrix G' with rank m < n rather than a matrix with full rank n does
not loose any information of (F.5). More formally, let Gt be a p x n matrix whose p rows are linearly independent
and orthogonal to the m rows of G. That is, the column space of G’ is the space in R™ orthogonal to the column

space of G'. Then the n x n matrix [ gi } is of full rank. Multiplying (F.5) by this matrix leads to the m equations

of (F.6) and p additional trivial equations of zero equals zero, since we know that the left and right sides of (F.5) lie
in the column space of G’.
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As noted above, M is the projection matrix that projects vectors in R™ on the p-dimensional
orthogonal complement of the column space of G’, C+(G’). Hence, (F.8) states that the projection
on C*+(G") of the gradient of the loss function is zero. Of course, this follows directly from the
observation above that the gradient lies in C(G").

In any case, the optimal targeting rule in terms of s is equivalent to the statement that the
gradient is orthogonal to the feasible set of projections of the states of the economy, &;, which can
be expressed algebraically as (F.8).

However, (F.8) involves n equations, but only p independent equations. It is hence desirable to
condense (F.8) to only p equations. The projection matrix M is a symmetric idempotent matrix of
rank p. Then its spectrum consists of p eigenvalues equal to one and m eigenvalues equal to zero,

and it can be decomposed as

I, 0 ;L I, 0 Q)1 _ p
v=ao|t ole=ia et o[ & |=ee
Here @ is the orthonormal n X n matrix whose columns are the eigenvectors of M, I, is the p x p
identity matrix, and @, is the n X p matrix whose columns are the p eigenvectors corresponding to

the p nonzero eigenvalues. Then, pre-multiplying (F.8) by @’ gives the p nontrivial equations,
QL' + 1) =0, (F.9)

and m trivial equations of zero equals zero.
Furthermore, (F.9) is expressed in terms of the projection of the states of the economy, s'. In
order to express it in terms of the projection of the target variables, Y?, note that, by the definition

of €2 for the forward-looking model in section 3.1,
Qst = D'WDs! = DWY?,

where W is a symmetric positive semidefinite block-diagonal (7' + 1)ny matrix with the (7 4 1)-th
diagonal block being ¢"W for 0 < 7 < T. Hence, I can write (F.9) as involving only the target
variables and, through the vector w;_1, the Lagrange multiplier Z;_; ;1 from the optimization in
period ¢t — 1,

QLID'WY! +w;_1] = 0. (F.10)

This is one concise form of the targeting rule. The history-dependence of the optimal policy

under commitment in a timeless perspective enters via Z;_1 ;1.
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By combining (F.9) with (3.5), I get

o]~ ]
Q< —Qpui-1 |’

and
-1 Xt
R G gt
t _ —_
gt = =H|=Z 1.1 |, F.11
] [ J77| 20 2
Yt =Ds' =DH | Zy_144
St
From (F.7) and (F.11), I can extract
Xt
E=H= | S10-1 |
ot

to be used in the intertemporal loss function for the decision problem in period ¢ + 1.
If the forward-looking variables, x;, are target variables—elements of Y;—the intertemporal loss
function with the added term can be written

%Y“WYt +wj Y,

where w;_1 is a g-vector whose only nonzero elements contain the vector (5-1,1&-1%0)' such that
wp_ Yt = Et,l’t,l%Cxw. Then, the optimal targeting rule can be expressed as the gradient,
WY?' + w,_1, being orthogonal to the linear manifold );. Suppose ), is of dimension p, and let
F = DGV (not to be confused with the matrix denoted F' in other sections of the paper). The
projection matrix that projects vectors in R? on the p-dimensional subspace V; — {EG+gt} is then
F(F'F)7'F’  so the condition that the gradient is orthogonal to the linear manifold ) can be

written as the p equations.

F(F'F)Y YFW(QY* + w;1) = 0.

This is the optimal targeting rule for this case.

This case is illustrated in figure F.2. The curve in the figure shows a part of the iso-loss surface
of the loss function that is tangential to the linear manifold );. The tangency point is the optimal
policy projection of the target variables, Y. The gradient of the loss function at that point,
WY? + ws_1, is shown as the vector at that point that points northeast. It is orthogonal to the
linear manifold.

Svensson [25] interprets optimal targeting rules in terms of the equality between the marginal

rates of transformation and marginal rates of substitution between the target variables. A vector
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of marginal rates of transformation between the target variables is a vector in the column space
C (DGL’ ), the subspace associated with )4. A vector of marginal rates of substitution between the
target variables is a vector in the tangent space of the intertemporal loss function, the subspace
orthogonal to the gradient of the loss function. Equality between the marginal rates of transfor-
mation and substitution is equivalent to the gradient being orthogonal to ), that is, the iso-loss

surface being tangential to ).

G. An optimal restricted instrument rule

Add to the model (2.1) an explicit instrument rules of the form
it = fXXt) (G].)

where the n; X nx matrix fx is restricted to be an element fx € F of a given class F of instrument
rules. Assume that the deviation z; is an iid zero-mean process with variance-covariance matrix X.

Let the loss function in period ¢ be

o0

lim E > (1 =0)6"Lysr = E[L4],

7=0
where L; is given by (2.7). By appendix A, for a given instrument rule fx, the conditional loss in

period ¢ is, for a given § (0 < § < 1), given by

o0

B> (1= 8)67 Lsr = %{(1 ) XIV(fx, 8)X; + Strace[V(fx, )%},
=0

where V(fx,d) is a symmetric positive semidefinite ny x ny matrix that depends on A, B, C, D,
W, fx, and §. It follows that
1
E[L] = §trace[V(fX, 1)3].

The optimal restricted instrument rule, fX, is then given by
i i S trace[V/(fx, 1))
= arg min_ —trace , .
X g FerD X

It depends on the class F and the variance-covariance matrix ¥, in addition to 4, B, C, D, and
w.

Note that there is little point in considering implicit instrument rules here,

it = fxXe + foxs. (G.2)
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For any such implicit instrument rule f = [fx f;] for which a unique equilibrium exists,

re = g(f) Xy,

where the matrix ¢g(f) depends on f. Then,

it = [fx + fo9( )Xt = fx (f) Xe.

That is, for each implicit instrument rule f for which there is a unique equilibrium, there is a
unique explicit instrument rule fX( f) consistent with that equilibrium. Furthermore, for any
explicit instrument rule fx in (G.1) for which there is a unique equilibrium, there is a continuum
of implicit instrument rules consistent with that equilibrium. For any given instrument rule fx for
which there exists a unique equilibrium,z; = g(fx)X;, where the matrix g(fx) depends on fx. For

any arbitrary n; x n, matrix f;, I can then write

it = fxXe + fuloe — 9(fx)Xe) = [fx — Fog(fx)) Xt + foe = fx(fx, fo) Xt + foae

The only reason for considering implicit instrument rules rather than an explicit instrument rule in
this context (when the deviation is an iid zero-mean shock) is when an explicit instrument rule has a
determinacy problem—multiple equilibria—in which case one may be able to find a corresponding
implicit instrument rule for which there is a unique equilibrium. Svensson and Woodford [30]

examine such issues further.

H. An empirical backward-looking model
The two equations of the model of Rudebusch and Svensson [18] are

Mirl = Q1T+ QraTy—1 + Qr3T—2 + QraT—3 + QulYt + Zr 141 (H.1)

1 ) 1
Yer1 = By + Bypy—1 — B, (ngzolt—j - Zﬁ:a“—j) + zyt+1, (H.2)

where 7 is quarterly inflation in the GDP chain-weighted price index (p¢) in percentage points at
an annual rate, i.e., 400(Inp — Inp;_1); 4; is the quarterly average federal funds rate in percentage
points at an annual rate; y; is the relative gap between actual real GDP (¢;) and potential GDP (¢;)
in percentage points, i.e., 100(q; — ¢;)/q;. These five variables were de-meaned prior to estimation,
S0 no constants appear in the equations.

The estimated parameters, using the sample period 1961:1 to 1996:2, are shown in table H.1.
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Table H.1

Q1 Qr2 Or3 Org Oy Byl ﬁy2 Br

0.70 —-0.10 0.28 0.12 0.14 1.16 —-0.25 0.10
(0.08) (0.10) (0.10) (0.08) (0.03) (0.08) (0.08)  (0.03)

The hypothesis that the sum of the lag coefficients of inflation equals one has a p-value of .16, so

. . . . . . . 5
this restriction was imposed in the estimation.*

The state-space form can be written

[ i1 ] Z?zl Qrj€; + Qyes [ m ] 0 [ Zrte1 ]
Tt e1 Tt—1 0 0
T—1 €2 Tt—2 0 0
Tt—2 es Tt—3 0 0
Ytr1 | = | Brera + Byies + Byses — Brerg ye |+ | — %ﬁ it | 2yt |
Ui es Y1 0 0
it €0 i1 1 0
i1 er ip—2 0 0
| G2 es L i3 | 0 L 0

where e; (j = 0,1,...,9) denotes a 1x9 row vector, for j = 0 with all elements equal to zero, for
J = 1,...,9 with element j equal to unity and all other elements equal to zero; and where e,
(j < k) denotes a 1x9 row vector with elements j,j + 1, ...,k equal to i and all other elements
equal to zero. The predetermined variables are 7y, m¢—1, Tt—2, Tt—3, Yt, Y¢—1, Gt—1, bt—2, 14—, and
i4—3. There are no forward-looking variables.

For a loss function (5.3) with 6 = 1, A = 1, and v = 0.2, and the case where z; is an iid zero-
mean shock; the optimal reaction function (2.21) is (the coefficients are rounded to two decimal

points),

1t = 1227 4+0.43m—1+0.53 79 +0.18 m¢—3+1.93 4y —0.49ys—1 +0.3624—1 — 0.0934—2 — 0.05 24 _3.

I. An empirical forward-looking model

An empirical New Keynesian model estimated by Lindé [13] is
T o= Wi+ (L —wp)m—1 + Yt + 2at,
Yo = Bpysrre + (1= Bp)(Byryi—1 + Byoyi—2 + Bysyi—3 + Byay—a) — By (it — Tey1e) + 2yt

where the restriction 2?21 B,; = 1is imposed. The estimated coefficients are (Table 6a in Lindé

[13], non-farm business output) are shown in table I.1.

45 This p-value was obtained by simulating the above inflation equation 1000 times and ranking the sum of
coefficients from the unrestricted Phillips curve estimated from the actual data (i.e., 0.969) in the set of unrestricted
sums estimated from the simulated data. This is in the spirit of Rudebusch [A5]. For comparison, the simple ¢-test
gives a p-value of 0.42.
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Table I.1

wy Y ﬁf ﬂr Byl By2 ﬁy3

0.457 0.048 0.425 0.156 1.310 —0.229 —0.011
(0.065)  (0.007) (0.027) (0.016) (0.174) (0.279) (0.037)

For simplicity, I set 8,1 =1, B2 = By3 = By4 = 0. Then the state-space form can be written as

Us
Yt
(27
2 t+1 =
Ry t+1
W1t
L BrTir)e + Bryeyiye

0 0 0 0 0 1 0 (1[ma] [0 [0

0 0 00 0 0 1 Yi—1 0 0

0 0 00 0 0 0 i1 1 0

0 0 00 0 0 0 e |4+ 0 it | zean

0 0 00 0 0 0 2yt 0 2yt
— (1 — wy) 0 0 -1 0 1 —~ T 0 0

0o -1-8p o0 0 -10 1 [ w ]l Lal L[ o |

The predetermined variables are m;_1, ys—1, %—1, 2rt, and zy, and the forward-looking variables
are my and ;.

For a loss function (5.3) with § = 1, A = 1, and v = 0.2, and the case where z; is an iid zero-
mean shock; the optimal reaction function (2.21) is (the coefficients are rounded to two decimal

points),
14 = 0.98 141 +0.80yp—1 + 041491+ 1.06z + 1.38 Zyt + 0.02 E’ﬂ',t—l,t—l +0.20 Ey,t—l,t—b
where Z;;_1;-1 and Sy ;11 are the Lagrange multipliers for the two equations for the forward-

looking variables in the decision problem in period ¢t — 1.
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