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Abstract

This paper examines how money demand induced real balance
effects contribute to the determination of the price level, as sug-
gested by Patinkin (1949,1965), and if they affect conditions for
local equilibrium uniqueness and stability. There exists a unique
price level sequence that is consistent with an equilibrium under
interest rate policy, only if beginning-of-period money enters the
utility function. Real money can then serve as a state variable,
implying that interest rate setting must be passive for unique,
stable, and non-oscillatory equilibrium sequences. When end-of-
period money provides utility, an equilibrium is consistent with
infinitely many price level sequences, and equilibrium uniqueness
requires an active interest rate setting. The stability results are,
in general, independent of the magnitude of real balance effects,
and apply also when prices are sticky. In contrast, under a con-
stant money growth policy, equilibrium sequences are (likely to
be) locally stable and unique for all model variants.

JEL classification: E32, E41, E52.

Keywords: Real balance effects, predetermined money, price level
determination, real determinacy, monetary policy rules.



Non-technical summary

Money demand does not play a prominent role in recent studies on monetary policy. Typically,
monetary aggregates are considered in a way that makes the demand for money de facto
irrelevant for the determination of macroeconomic aggregates when the central bank realizes
certain interest rate targets. This has even led to the theoretical concept of economies being
cashless in the limit, which facilitates an analysis of interest rate policy where monetary
aggregates can be neglected.

In this paper, we examine whether money demand is indeed negligible for the short-run
behavior of macroeconomic aggregates and for monetary policy. The main conclusion is that
money demand matters for the design of a stabilizing monetary policy if the outstanding
stock of money effectively restricts households’ consumption decisions. The price level can
then be non-neutral with regard to real activity and the inflation rate, that is, the classical
dichotomy fails and purely nominal changes have real effects. In this case, a central bank
should only moderately adjust its interest rate target in response to changes in the state of
the economy. The reason is that interest rate changes do not only affect households’ savings
and consumption expenditures due to their willingness to smooth their consumption stream,
but also due to changes in money holdings that become more costly under high interest
rates. In contrast, the current consensus view on stabilizing interest rate policy disregards
the latter effect and calls for interest rates to be adjusted highly reactive (actively) to changes
in inflation.

A consequence of money holdings being essential for households’ goods market transac-
tions is that strong interest rate adjustments can destabilize the economy, i.e., can lead to
unstable output dynamics and to hyperinflations. Such destabilizing effects can be triggered
off by fundamental disturbances, and do therefore not rely on non-fundamental shocks, for
example shifts in expectations, as suggested in various related studies that emphasize the
possibility of self-fulfilling expectations. Given that the particular relation between money
holdings and household transactions is decisive for the impact of monetary policy, there is
no general principle for the design of interest rate targets that stabilizes the economy un-
der different specifications of money demand. Instead, the only robust stabilizing device to
abandon unstable macroeconomic outcomes is a regime switch, from an interest rate policy
to a regime that controls the supply of money by holding the growth rate of nominal bal-
ances constant. In this case, monetary policy has a non-destabilizing impact on the economy
regardless whether the stock of money is essential for current consumption or not.

The analysis is based on a dynamic general equilibrium model, where money enters the
utility function in a non-separable way (and prices are either perfectly or imperfectly flexible).
Then, the households’ behavior is affected by real balance effects, which typically arise when
transaction frictions are modeled in an explicit way, for example in form of shopping time or
real resource costs. We apply two different assumptions about the particular stock of money
that enters the utility function, either the stock of money held at the beginning or held at
the end of the period. The former assumption corresponds the idea that the goods market
opens before the asset market. The second assumption can be interpreted as a shortcut
for a specification where households can always adjust their money holdings in accordance
with their current transactions. Thus, both versions substantially differ with regard to the

Working Paper Series No. 458



role of money held by households at the beginning of each period. In the former version,
beginning-of-period real balances restrict households’ current consumption expenditures. In
the latter version, households adjust their end-of-period money holdings in accordance with
their current consumption expenditures. Hence, beginning-of-period real balances are then
determined by the previous period consumption decision such that the causality is reversed.

Throughout the paper we focus on the role of money demand and monetary policy rules
for the determination of locally stable equilibrium sequences at the steady state. We show
that the existence — not the magnitude — of real balance effects contributes to price level
determinacy, as for example suggested by Patinkin (1965), if the stock of money held at
the beginning of the period rather than held at the end of the period is assumed to provide
transaction services. Then, there exists a unique initial price level that is consistent with
a rational expectations equilibrium. Whenever the price level can uniquely be determined,
real money serves as a relevant state variable, since money that has been acquired in the
previous period relates to households’ current consumption expenditures. These properties,
which have until now been ignored in the literature, crucially affect the conditions that ensure
macroeconomic stability under interest rate feedback rules when prices are flexible or sticky.
In particular, when money is a relevant state the nominal interest rate should be adjusted by
less than one for one with inflation (passively) to ensure unique and locally stable equilibrium
sequences. If, however, consumption relates to the end-of-period stock of money, then the
equilibrium displays price level indeterminacy. In this case, the conditions for uniqueness and
stability of equilibrium sequences correspond to the so-called “Taylor-principle” that applies
to cashless economies.

While the stability conditions for an interest rate policy regime are highly sensitive, local
stability and uniqueness of equilibrium sequences are likely to be ensured under a policy
regime that keeps the growth rate of nominal balances constant. This result therefore indi-
cates that under non-negligible transaction frictions the central bank should rather control
the supply of money than the nominal interest rate to avoid unstable macroeconomic dynam-
ics. Nonetheless, an optimal conduct of monetary policy will certainly require the supply of
money to respond to the state of the economy. We plan to investigate such contingent money
supply policies in future work.
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1 Introduction

The conduct of monetary policy is known to affect the determination of the price level and,
under non-neutrality, the real equilibrium allocation. Recent studies to this line of research,
mainly focus on policy regimes summarized by interest rate feedback rules, such as Benhabib
et al. (2001a, 2001b, 2003) or Carlstrom and Fuerst (2001),* while previous contributions
to this literature have primarily considered monetary policy regimes that are characterized
by constant money growth (see, e.g., Obstfeld and Rogoff, 1983, Matsuyama, 1990, 1991,
or Matheny, 1998). Correspondingly, researchers nowadays pay less attention to the role
of monetary aggregates and increasingly employ money demand specifications that allow to
neglect money for the analysis of equilibrium determination (see Dupor, 2001, Woodford,
2003, or Carlstrom and Fuerst, 2004).

In this paper we (re-)assess the role of money for the determination of the price level,
and for uniqueness and stability of equilibrium sequences. In particular, we examine the case
where the evolution of monetary aggregates is non-negligible due to real balance effects, which
typically characterize households’ consumption behavior when transaction services of money
are modelled in an explicit way.> The classical dichotomy is invalid under this assumption,
which might contribute to the determination of the price level under flexible prices, as shown
by Patinkin (1949, 1965). We find that uniqueness of the price level under interest rate
policy crucially relies on whether the stock of money held at the beginning of the period
or at the end of the period is assumed to provide transaction services. In the latter case,
a rational expectations equilibrium is consistent with any initial price level and, thus, with
multiple price level sequences. If, however, beginning-of-period money relates to households’
transactions, then a rational expectations equilibrium is associated with a unique price level
sequence (nominal determinacy, as defined by Benhabib et al., 2001). A rational expectations
equilibrium can further be uniquely determined (real determinacy), if interest rates are set
contingent on current inflation rate. Then, real money becomes a relevant predetermined
state variable, which implies that interest rate policy should be passive to avoid explosive

6 When end-of-period money is assumed to provide

or oscillatory equilibrium sequences.
transaction services, real balance effects turn out to be (almost) negligible for equilibrium
determination, and the principles for real determinacy in cashless economies (see Woodford,
2003) apply.’

There are a variety of means to induce demand for money, i.e., a non-interest bearing
government liability, in general equilibrium models. Most of them, for example, cash-in-
advance constraints (Clower, 1967), real resource costs of transactions (Feenstra, 1986), or

shopping time specifications (McCallum and Goodfriend, 1987), refer to the transaction role

1See also De Fiore and Liu (2004), Gali et al. (2004), Meng (2002), or Weder (2004)

®Real balance effects can thus be viewed as a reasonable property, since if money is assumed to provide
transaction services then these benefits should be related to households’ actual volume of transactions (see
McCallum, 2001, or Woodford, 2003).

An interest rate peg can, however, not lead to a uniquely determined rational expectations equilibrium
and, therefore, leads to multiple price level sequences, which contrasts the result in Benassy (2000), who
introduces real balance effects via an overlapping generations structure.

"It should be noted that a rational expectations equilibrium is consistent with any initial price level (nominal
indeterminacy), if there are no real balance effects.
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of money. An alternative way to induce households to hold a positive amount of money
is to assume that money enters the utility (MIU) function, which originates in Sidrauski’s
(1967) seminal paper. This is probably the most widely applied approach to money demand
in the recent literature on monetary policy analysis (see, e.g., Woodford, 2003), and is often
viewed as being closely related to the aforementioned specifications. In fact, Brock (1974)
and Feenstra (1986) have shown that assuming MIU can be equivalent to the more explicit
specifications of transaction frictions. However, for an exact equivalence, real balances and
consumption should enter the utility function in a non-separable way. While this property
is commonly neglected, since real balance effects are typically found to be very small (see,
e.g., Lucas, 2000, or Ireland, 2003), we show that this can have substantial consequences for
equilibrium determination, which under sticky prices does not rely on the magnitude of the
real balance effect.

We develop a discrete time dynamic general equilibrium model, where money enters a non-
separable utility function and prices are either completely flexible or set in a staggered way.
We apply two different assumptions about the particular stock of money that enters the utility
function, either the stock of money held at the beginning or at the end of the period. The
former assumption corresponds to Svensson’s (1985) cash-in-advance specification, where the
goods market opens before the asset market, and is, for example, applied in Woodford (1990),
McCallum and Nelson (1999), or Lucas (2000). The second assumption can be interpreted
as a short-cut for a specification where households can always adjust their money holdings in
accordance with their current transactions. It avoids Hahn’s (1965) paradox in finite horizon
general equilibrium models and is now widely applied in infinite horizon models (see, e.g.,
Woodford, 2003).

We focus on the role of money demand and monetary policy rules for the determination
of locally stable equilibrium sequences at the steady state. It turns out that the unique de-
termination of the price level relates (under completely flexible prices) to the property of real
balances to serve as a relevant state variable.® For a rational expectations equilibrium to be
characterized by this property, beginning-of-period money has to enter the utility function.
On the contrary, real balances never serve as a relevant state variable if end-of-period money
provides utility. Thus, both versions substantially differ with regard to the role of money held
by households at the beginning of each period. In the former version, beginning-of-period
real balances restrict household’s current consumption expenditures. In the latter version,
households adjust their end-of-period money holdings in accordance with their current con-
sumption expenditures. Hence, beginning-of-period real balances are then determined by the
previous period consumption decision such that the causality is reversed. For the beginning-
of-period value of real balances to be, actually, relevant for the determination of a rational
expectations equilibrium, there must further exist a unique price level sequence consistent
with equilibrium. Put differently, unless there is a uniquely determined price level, there are
multiple real values for the beginning-of-period stock of money, which are consistent with a
rational expectations equilibrium.

8This property marks a main difference of our framework to the specifications examined in Carlstrom and
Fuerst (2001), who show that different assumptions about the timing of markets can affect the conditions for
(real) equilibrium determinacy under interest rate rules.
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Thus, under real balance effects and interest rate policy, a uniquely determined price
level is associated with real money being a relevant state variable and, thus, with a his-
tory dependent evolution of equilibrium sequences, which crucially affects the conditions for
macroeconomic stability. This property has been disregarded in related studies where money
demand specifications are applied which relate to our end-of-period version (see Benhabib et
al., 2001a, Carlstrom and Fuerst, 2001, or Woodford, 2003). The main principles for equi-
librium determination and stability under simple monetary policy feedback rules and flexible
prices can be summarized as follows.”

e For the unique determination of a rational expectations equilibrium and a consistent
price level sequence, i.e., for real and nominal determinacy, beginning-of-period money
has to enter the utility function, and interest rate policy has to respond to current
inflation. Neither an interest rate peg nor a forward looking interest rate rule lead to
this result.

e Under the beginning-of-period specification, an interest rate policy that reacts to changes
in current inflation has to be passive for equilibrium sequences to be uniquely deter-
mined and to converge to the steady state in a non-oscillatory way.

e If the end-of-period specification applies or expected future inflation serves as the policy
indicator, the equilibrium displays nominal indeterminacy, and interest rate policy has
to be active for uniqueness of equilibrium sequences.

e Under a constant money growth regime, equilibrium sequences are consistent with any
initial price level and real money does not serve as a relevant state variable (though,
monetary policy is history dependent). Equilibrium sequences are, in any case, locally
stable and uniquely determined.'®

Throughout the analysis we take into account that (stable) equilibrium sequences can be
non-oscillatory or oscillatory, given that the latter property can hardly be viewed as rec-
ommendable for a central bank that aims to stabilize the economy. In the second part of
the paper, we examine the role of real balance effects for the case where prices are sticky
(set in a staggered way), implying that the price level can always be determined. Under

11" peal balances

this specification, which has scarcely been examined for related purposes,
serve as a relevant predetermined state variable for all aforementioned policy rules, when
the beginning-of-period specification applies. If, however, the end-of-period stock of money
enters the utility function, households are entirely forward looking, and real money serves as

a relevant state variable only if monetary policy is history dependent, i.e., when the central

9To be more precise, these results apply for finite labor supply elasticities.

10This result relies on real balance effects to imply consumption and real balances to be Edgeworth-
complements. When they are Edgeworth-substitutes, constant money growth can also lead to real inde-
terminacy, as shown by Carlstrom and Fuerst (2003).

"Exceptions are Benhabib et al. (2001b) and Kurozumi (2004), providing determinacy conditions for
interest rate rules. Benhabib et al. (2001b) apply a continuous time framework, which corresponds to our
version where end-of-period money enters the utility function. Kurozumi (2004) examines the determinacy and
E-stability implications of Taylor-rules in a discrete time framework, and derives results that are consistent
with our findings for the end-of-period specification.
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bank applies a money growth rule. Nonetheless, the determinacy properties under constant
money growth and sticky prices, which have until now not been analytically assessed,'? are
shown to correspond to those under flexible prices. The main implications for equilibrium
uniqueness and stability under sticky prices are as follows:

e When beginning-of-period money provides utility, interest rate policy has to be passive
to lead to locally stable, unique, and non-oscillatory equilibrium sequences, regardless
whether current or future inflation enters the policy rule. An active interest rate policy
is associated with locally stable and unique equilibrium sequences if and only if end-of-
period money provides utility and current inflation serves as the policy indicator.

e Asunder flexible prices, the central bank can ensure equilibrium sequence to be uniquely
determined, locally stable, and non-oscillatory under both timing specifications by hold-
ing the growth rate of money constant, provided that real balance effects are not ex-
tremely large.

While these results are derived for the case where the labor supply elasticity is finite, we
further show that the assumption of an infinitely elastic labor supply, which is for example
applied in Dupor (2001), Carlstrom and Fuerst (2004), or Weder (2004) for a related purpose,
is not harmless for the local equilibrium properties under interest rate policy. For example,
we find that an equilibrium under interest rate policy and flexible prices is then consistent
with any initial price level, and that the well-established principles for real determinacy under
sticky prices for a separable utility function (see Woodford, 2003) apply when end-of-period
money provides utility.

The remainder of the paper is organized as follows. Section 2 develops the model. Section
3 analyses nominal and real determinacy under flexible prices. In the first part, we consider
the case where the beginning-of-period stock of money provides utility, while the results
for the end-of-period specification are briefly summarized in the second part.'? For both
specifications, we derive the implications for equilibrium determination and local stability
under current and forward looking interest rate rules, and for money growth rules. The last
part of section 3 discusses our findings and compares them to results in related studies. The
first two parts of section 4, which focuses on the conditions for real determinacy when prices
are set in a staggered way, are structured as in previous section. The third part of section 4
discusses the main mechanisms, which are responsible for the results. Section 5 concludes.

2 The model

In this section an infinite horizon general equilibrium model with representative agents is
developed. We consider a money in the utility function specification that leads to real balance
effects. We further allow for prices to be set in a staggered way to facilitate comparisons with
related studies, such as Carlstrom and Fuerst (2001) or Woodford (2003). Monetary policy is

12Evans and Honkapohja (2003) provide a numerical analysis of real determinacy under constant money
growth in a sticky price framework without real balance effects.

130ur findings for the latter case correspond to the results in Benhabib et al. (2001a), Carlstrom and Fuerst
(2001), and Woodford (2003)
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either specified in form of an interest rate feedback rule or constant money growth. To check
for the robustness of the results for the former policy regime, we apply contemporaneous and
forward looking interest rate rules. Uncertainty is due to an aggregate productivity shock
which realizes at the beginning of the period.

Lower (upper) case letters denote real (nominal) variables. There is a continuum of
identical and infinitely lived households. At the beginning of period t, households’ financial
wealth comprises money M;_1, a portfolio of state contingent claims on other households
yielding a (random) payment Z;, and nominally non-state contingent government bonds
B;_1 carried over from the previous period. Let ¢; ;41 denote the period ¢ price of one unit of
currency in a particular state of period ¢ + 1 normalized by the probability of occurrence of
that state, conditional on the information available in period t. Then, the price of a random
payoff Z;41 in period t+1 is given by E;[g; 1+1Zt+1]. The households’ budget constraint reads

M + By + Ei[qi1+1Z141] + Pict < Ry—1Bi—1 + M1 + Zy + Powgly + Py — Py, (1)

where ¢; denotes consumption, P; the aggregate price level, w; the real wage rate, l; work-
ing time, 7 a lump-sum tax, R; the gross nominal interest rate on government bonds,
and w; profits of firms. Further, households have to fulfill the no-Ponzi game condition,
limy oo Biqti+i(Miti + Bigi + Zi41+4i) > 0. The objective of the representative household is

Eo Y Bulenl, A/Pr), B € (0,1), (2)

t=0

where 8 denotes the subjective discount factor and A; nominal balances, which will be defined
below. The instantaneous utility function is assumed to satisfy

Ue >0, up <0, ug >0, Uee <0, Ugg <0, uy <0, (3)

Ueqg > 0, Ug = Uy = 0, Ueclgq — uga >0, (4)

and the usual Inada-conditions, where a; = A;/P;. According to (4) the cross derivative
Ueq 18 (strictly) positive, such that marginal utility of consumption rises with real money
balances. The resulting properties, i.e., non-separability and real balance effects, typically
emerge under more explicit specifications of transaction frictions. As, for example, shown by
Brock (1974) or Feenstra (1986), a money-in-the-utility (MIU) function specification, which
is equivalent to a specification where purchases of consumption goods are associated with
transaction costs that are either measured by shopping time or real resources, is usually
characterized by these properties. To be more precise, introducing these transaction friction
in a corresponding model with a utility function v(ct, 1 —1;) would lead to real balance effects,
which are equivalent to a MIU specification with e, > 0, if (but not only if) the labor supply
elasticity is finite (see appendix 6.1). It should be noted that an infinite labor supply elasticity
will lead to be of particular interest in what follows.

To avoid additional complexities, we assume that the respective cross derivatives are equal
to zero uj. = uj, = 0. The last assumption in (4), Uectiaa — u2, > 0, is imposed to ensure —
together with u. < 0 and u., < 0 (see 3) — the utility function to be strictly concave. The
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conditions in (3)-(4) further ensure that real money balances and consumption are normal
goods, i.e. that the utility function exhibits increasing expansion paths with respect to money
and consumption.

The variable A; describes the relevant stock of money that provides — in real terms —
utility. Throughout the paper, we consider two cases, where A; denotes money either held at
the Beginning of the period, M;_1, or at the End of period, M, :'4

A M;_1 version B
t = . .
M, version F

The B-version, which, for example, relates to the money-in-the-utility function specifications
in Woodford (1990), McCallum and Nelson (1999), or Lucas (2000), is consistent with Svens-
son’s (1985) timing assumption where the goods market is closed before the asset market is
opened. This means that the representative agent in period ¢ relies on the stock of money
carried over from the previous period for transactions in the goods market. In the end-of-
period specification (E-version), which can for example be found in Brock (1974), Ljungqvist
and Sargent (2000), or Woodford (2003), the stock of money held at the end of the period is
assumed to provide transaction services.

Maximizing (2) subject to (1) and the no-Ponzi game condition for given initial values
M_1 >0, Zy and B_; > 0 leads to the following first order conditions for consumption,
money, labor supply, government bonds, and contingent claims:

N o J U (ct, my—1/m) version B (5)
7Y (e, my) version E ’
P E At+1 _ Eiug (¢ty1,mi/Te41) /Tiq1] version B (6)
P B~ ug (cr, my) version E’
Ul(lt) = —wiA, (7)
A = BReE[Aam ], (8)
qi+1 = (Aer1/ o) 7Tt_+11, 9)

where iy = Ry — 1 denotes the net interest rate on government bonds, \; denotes a Lagrange
multiplier, 7; the inflation rate m; = P;/P;_1, and m; real balances m; = M;/P;,. Equation
(9) holds for each state in period ¢t + 1, and determines the price of one unit of currency
for a particular state at time ¢ + 1 normalized by the conditional probability of occurrence
of that state in units of currency in period ¢t. Arbitrage-freeness between government bonds
and contingent claims requires Ry = 1/E;q;41. Note that beginning-of-period real balances
my_1 enter the set of first order conditions only in case B. The optimum is further character-
ized by the budget constraint (1) holding with equality and by the transversality condition
i o0 By(Myyi + Biyi + Zipa+) [ 15—y Rty = 0.

" These specifications are related, but not identical, to those applied in Carlstrom and Fuerst (2001). In
particular, they assume that the monetary aggregate, which enters the utility function, is either given by
Ay = M1+ Ri—1B: — Bt + P or Ay = My—1 + Ri-1B: — Bt + Piv — Pict + Piy:. As a consequence,
money demand can matter for local uniqueness of the equilibrium sequences of inflation and consumption
under interest rate policy, even if the utility function is separable.
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The final consumption good is an aggregate of differentiated goods produced by monop-
olistically competitive firms indexed with ¢ € [0,1]. The CES aggregator of differentiated

goods is defined as y;Tl = fol y;tTl di, with € > 1, where y; is the number of units of the final
good, y;; the amount produced by firm ¢, and € the constant elasticity of substitution between
these differentiated goods. Let Py and P, denote the price of good i set by firm ¢ and the
price index for the final good. The demand for each differentiated good is yix = (Pir/P:)” “ yt,
with P} ¢ = fol P, “di. A firm i produces good y; employing a technology which is linear in
the labor input: y;; = s¢l;z, where l; = fol l;tdi and s is an i.i.d. productivity shock with mean
one. Hence, labor demand satisfies: mc;; = wy/s¢, where mc;y = me; denotes real marginal
costs.

We allow for a nominal rigidity in form of a staggered price setting as developed by
Calvo (1983). Each period firms may reset their prices with the probability 1 — ¢ in-
dependently of the time elapsed since the last price setting. The fraction ¢ € [0,1) of
firms are assumed to adjust their previous period’s prices according to the simple rule
P, = TP;_1, where T denotes the average inflation rate. Note that if ¢ > 0, the initial
price level P;,_; has to be known by these firms. Firms are assumed to maximize their mar-
ket value, which equals the expected sum of discounted dividends E; Zgio Gt t+sDit+s, where
D;; = (Py — Pymce) yi and we used that firms also have access to contingent claims. In
each period a measure 1 — ¢ of randomly selected firms set new prices Py as the solution
to maxp Ey 7, O Gt.t+s(T° Pitirrs — Prvsmceysyivrs)s s-t. Yirrs = (7°Pi) P, irsYt+s- The
first order condition for the price of re-optimizing producers is for ¢ > 0 given by

P e By o9 [Qt,t+syt+spt€islﬁ_6s MCtys]
= o
i e—1 E Z;’io & [Qt,t+syt+spt€+s71'(1 e)s]

(10)

Aggregate output is given by v = (P;*/P;)l;, where (P})™¢ = fol P, “di and thus (P;)"¢ =
) (ﬁPt*_l)*E +(1— ¢)]5t_6. If prices are flexible, ¢ = 0, then the first order condition for the
optimal price of the differentiated good reads: me¢; = <=L,

The public sector consists of a fiscal and a monetary authority. We consider two widely
applied specifications for the monetary policy regime. The first regime is characterized by the

central bank setting the nominal interest rate contingent on current or on future inflation.
Ri=p(m), or Ry=p(Emy1),  withp' >0, R >1. (11)

We disregard output (gap) as an indicator for interest rate policy, which is for example
suggested by Taylor (1993). It turns out to be crucial for the impact of real balance effects on
the determination of the price level and the equilibrium sequences, that the current inflation
rate can be determined. Thus, for our purposes it is sufficient to focus on the cases where
interest rates are set contingent either on current or on expected future inflation.

We further assume that the steady state condition R = 7/f has a unique solution for
R > 1. According to the interest rate feedback rule (11), the response of the interest rate to
changes in inflation, p, is non-negative. The second regime, is characterized by the central
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bank holding the money growth constant M;/M;_1 = p, where g > 1:
My /my—1 = [ (12)

The fiscal authority issues risk-free one period bonds, receives lump-sum taxes from house-
holds, and transfers from the monetary authority, such that the consolidated budget con-
straint reads: Ry_1By—1 + My_1 = M; + B; + Pi1z. We assume that tax policy guarantees

government solvency, i.e., ensures lim; oo (Myti + Biyi) [[—1 Ry +1,U =0.

3 Equilibrium determination under flexible prices

In this section, we assess how real balance effects and monetary policy affect the determination
of the price level and of the rational expectations equilibrium when prices are flexible, ¢ = 0.
As described in the previous section, we consider two versions of the model which differ with
regard to the stock of money that enters the utility function, i.e., the B-version and the
E-version, and we consider three types of monetary policy rules described by (11) or (12).
The equilibrium under flexible prices (¢ = 0) can then be summarized as follows.

Definition 1 A rational expectations equilibrium (REE) is a set of sequences {ct, 7, as,
Ri}2 satisfying wi(ct/st) = —St%uc (ctyar), uc(c,ap) = BRiE¢[uc (Ct+1,at+1)77;-|}1]7 and
(Rt — 1) Et[uc (¢t41,a41) /Te41] = Et[ug (¢i41, Gr1) [Teg1] for ap = my—q /7 (B-version) or
(Ry — 1) Eylue (cir1,ais1) /ma1] = B Yug (cr, ar) for ap = my (E-version), the transversality
condition, and a monetary policy (11) or (12), for {s;}72,, a given initial money endowment
M_1 >0, and any initial price level P_1 satisfying P—1 > 0.

To identify the differences between the model versions, it is crucial to take into account that
the determination of a REE does not require a given initial value for the price level. In the E-
version, equilibrium sequences {¢;, 7, a; = A/ Py, Ri}52, can be determined independently
of the initial price level, such that a particular REFE is consistent with any initial price level
and thus with multiple price level sequences. In the B-version, the initial price level can be
relevant for the equilibrium sequences due to its effect on the initial value for real balances
m_1, which might affect the consumption decision (see 5). Thus, the price level is non-neutral
for the REE, such that a particular set of equilibrium sequences is associated with a unique
price level sequence. This property is often summarized by the notion “nominal determinacy”
(see Benhabib et al., 2001a). It is crucial to note that the role of the initial price level does not
relate to the unique determination of equilibrium sequences (including the inflation sequence)
which is summarized by the notion “real indeterminacy”. These properties are summarized
in the following definition, which corresponds to the definition applied in Benhabib et al.
(2001a).

Definition 2 The equilibrium displays real determinacy if there exists a unique set of equi-
librium sequences {ct, T, ar, Ri}52y. The equilibrium displays nominal indeterminacy if for
any particular set of equilibrium sequences, there exist infinite many initial price levels P_q
consistent with a rational expectations equilibrium.
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A REE, which is characterized by real determinacy (equilibrium uniqueness) and, thus,
a unique inflation sequence, can be associated with multiple price level sequences. If, for
example, there are no real balance effects (u., = 0), the price level is neutral with regard to
the determination of equilibrium sequences {c;, m;, R, }22,, under interest rate policy, such that
two different values for the initial price level together with an equilibrium inflation sequence
lead to two different price level sequences consistent with the REFE. Evidently, one cannot
uniquely determine a price level sequence if there are infinitely many equilibrium inflation
sequences, which implies real determinacy.

In the following analysis, we apply Blanchard and Kahn’s (1980) approach to the analysis
of a rational expectations equilibrium. For this, we focus on the model’s behavior in the
neighborhood of the steady state, and apply a linear approximation of the set of non-linear
equilibrium conditions. We, therefore, assume that the bounds on the fluctuations of the
log productivity || logs;|| are sufficiently tight, such that s; remains in the neighborhood of
its steady state value. Throughout, we restrict our attention to locally stable equilibrium
sequences, i.e., to equilibrium sequences that converge to the steady state.

3.1 Beginning-of-period money

We start with the case where the beginning-of-period stock of money enters the utility func-
tion. The deterministic steady state is then characterized by the following properties: R =
/B, —w(c) = uc(c,m/T) (€ — 1) /¢, and u.(¢,m/T) (R —1) = ua(m/7,¢). A discussion of
the existence and uniqueness of a steady state for R > 1 can be found in appendix 6.2. Log-
linearizing the model at the steady state, leads to the following set of equilibrium conditions:

5caﬁlt71 - 5caﬁt = (Ul + Uc) Et - (1 + Ul) §t7 (13)

GcEt — Ecaﬁ’bt_l + Ecaﬁt = O'cEt/C\t—i—l — Ecaﬁ’bt + (Eca, + 1) Etﬁt—i-l — ﬁt, (14)

(5ca + Ua) mt = *Zﬁt + (Uc + Qsac) EtEt+1 + (5ca + Ua) Et,]?t+17 (15)
where z = R/(R—1) > 1,0, = Zg_l” >0,0.= —c_%—zc >0,0, = —"’_%—Z“ >0, €0 = _%Z“ > 0, and

Pac = %ﬁ > 0, and Z; denotes the percent deviation of a generic variable x; from its steady
state value 7 : T = log(z¢) — log(Z). These conditions (and the transversality condition) have
to be satisfied by the sequences for the steady state deviations of consumption, real balances,
the inflation rate, and of the nominal interest rate, {@,ﬁt,ﬁ%t,l,fit}fio for {5;}2°, and a
monetary policy regime satisfying

Ry = pymy, or Ry = ppEim4q, or my=my_1— Ty, (16)

where p, denotes the steady state inflation elasticity p, = p/(%)(%/R) > 0. It should be noted
that concavity of the utility function implies: T = 0.0, — €ca®ac > 0,'° which restricts the
magnitude of real balance effects. A closer look at the equilibrium conditions (13) and (14)
reveals that the private sector behavior is not independent of the beginning-of-period value
for real balances m;_1, as they are (implicitly) assumed to lower households’ transactions

15YWe view this as a realistic implication, given that estimates of e.q and ¢ac, are usually found to be small.
According to US estimates reported in Woodford (2003), £., does not exceed 0.005 and ¢q. < 2.

Working Paper Series No. 458



costs. Given that m;_1 is predetermined, the households’ behavior can induce the economy
to evolve in a history dependent way. Yet, m;_1 enters the equilibrium conditions jointly with
the current inflation rate. Thus, real money serves as a relevant predetermined state variable,
only if the current inflation rate is determined. This further implies that the equilibrium
displays nominal determinacy.

Proposition 1 The equilibrium displays nominal determinacy, if the beginning-of-period
stock of money enters the utility function.

Monetary policy is further decisive for real determinacy and, thus, for the possibility to
uniquely determine a price level sequence. In the subsequent analysis, we will show that
this requires the central bank to set the nominal interest rate contingent on current inflation.
Under an interest rate peg, pr = 0, an inflation sequence and, therefore, a price level sequence
cannot be uniquely determined.'6

We, firstly, examine the case where the central bank sets the nominal interest rate ac-
cording to an interest rate feedback rule. At first, we consider current inflation as the policy
indicator, Et = pr7y. The following proposition summarizes the equilibrium properties for
the cases where the labor supply elasticity 1/0; takes a finite value or is infinite.

Proposition 2 (B, Interest rate policy, ﬁt = pp7¢) Consider that beginning-of-period money
enters the utility function and that the nominal interest rate is set contingent on changes in
current inflation Ry = ppTy.

1. When the labor supply elasticity is finite, o > 0, the equilibrium displays real determi-
nacy and local stability if and only if

(a) Pr1 < pr < 1 for ecq > % and o, > oy, leading to non-oscillatory equilibrium
sequences, or pr € (1,P71), leading to oscillatory equilibrium sequences,

(b) pr > 1 foreq < 52 or 0p < 0y, leading to oscillatory equilibrium sequences,

gi(ecatoa)+T
01(2z2—1)eca—0,04

T

)Ecafo'a :

where pr1 = — and 0] = T

2. When the labor supply elasticity is infinite, o = 0, consumption ¢; cannot uniquely
be determined, while the equilibrium sequences {EyCiy1, Ty, My, R Y52, are locally stable
and uniquely determined if and only if pr > 1.

Proof. See appendix 6.3.

Proposition 2 reveals that the requirements for local equilibrium stability and uniqueness in
terms of the policy parameter p, are not robust with regard to changes in the elasticities
€cqa and ;.17 For finite labor supply elasticities, o; > 0, passiveness is necessary for locally

61t should further be noted that a REFE displays nominal indeterminacy if there are no real balance effects,
€ca = ¢Pac = 0. Nevertheless, one can always compute a price level sequence for a particular initial price level
and a sequence of inflation rates.

'"Note that for the sets (pr1,1) and (1,5-1) (see part la. of proposition 2) to be non-empty o; > Y[(z —
1eca — aa]fl and gcq > 04/(2 — 1), and, respectively, o1 < T[(z — 1)eca — aarl Or €cq < 04/(% — 1) has to be
satisfied.
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stable, unique, and non-oscillatory equilibrium sequences (see part 1a). An interest rate peg,
however, violates the conditions in part 1 of proposition 2 and, thus, implies real indetermi-
nacy. Under an active interest rate policy, locally stable and unique equilibrium sequences
are oscillatory, which is hardly recommendable for a central bank that aims at stabilizing
the economy. Thus, when beginning-of-period money relates to households’ consumption,
interest rate policy that reacts on current inflation should rather be passive than active for
macroeconomic stability and for the unique determination of the price level.

To see this, suppose that inflation exceeds its steady state value and equilibrium sequences
are non-oscillatory.'® Given that the inflation elasticity is positive, p; > 0, the nominal
interest rate rises, which — ceteris paribus — causes households to reduce their end-of-period
real money holdings my, by (15). According to (14), the expected real interest rate is further
negatively related to the growth rate of real balances. Thus, an active interest rate setting,
pr > 1, leads to a decline in the level and the growth rate of real balances, such that the
sequences of real balances and, thus, of consumption and inflation do not converge to the
steady state.

Notably, the equilibrium exhibits different properties for an infinite labor supply elasticity,
o, = 0 (see part 2 of proposition 2). In this case, the amount of labor supplied by the
households is not related to their consumption expenditures, and the marginal utility of

consumption is exogenously determined (see 13): hy = —5;, where hy = €qqMi—1 — 0cCt —
Scaﬁt- Hence, (14) and (15) reduce to §t — Et§t+1 = Et%t+1 — Rt and Uaﬁlt = *ZRt +

GacErcii1+ 0BT + EySiy1, implying that the equilibrium is not associated with a unique
value for beginning-of-period real money and that current consumption cannot be determined.
The equilibrium sequences for Eyc,y1, Ty, my, and fﬁt are then locally stable and uniquely
determined for an active interest rate policy, which contrasts the results for the case of finite
labor supply elasticities, o; > 0, presented in part 1 of proposition 2.

We now turn to the case where the central bank applies a forward looking rule, ]?it =
prEiT1.

Proposition 3 (B, Interest rate policy, Ry = prEymiy1) Consider that beginning-of-period
money enters the utility function and that the mominal interest rate is set contingent on
changes in future inflation ﬁt = pxE T 1. Then, consumption and inflation cannot uniquely
be determined.

1. When the labor supply elasticity is finite, oy > 0, then pr > 1 is a necessary condition
for uniqueness and local stability of the equilibrium sequences { ExCry1, EiTey1, My, R }52,-
Necessary and sufficient conditions are given by:

(a) 1< pg for oy > 013 and eca > 7%,

(b) 1 < prx < Ppr2, for oy <13 07 €ca < 74, 011 < Pr2 < pr if o1 > 07 and eca > 579,

fOT oy € (5,0_12) OT Ecq € (%7 %)7

(¢) 1 <Prz < pr < —Pr1 for oy <Gy or €ca < 577,

18The latter property implies that current and expected future inflation are not negatively related.
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T+o (Sca +0'a.)
01(€cat0a)—2€ca0y ”

—_— T —_—
where o5 = (EE—— and pra = T

2. When the labor supply elasticity is infinite, o = 0, then the equilibrium sequences
{EiCiy1, Exig1, my, R }52 are locally stable and uniquely determined if and only if

pr # 1.
Proof. See appendix 6.4.

Compared to proposition 2 the most fundamental difference relates to the role of the beginning-
of-period real balances, m;—1. It turns out that the households’ consumption decision is not
affected by the latter if inflation is indetermined, such as under an interest rate peg or a
forward looking interest rate rule. In these cases, there are infinitely many values for the
current inflation rate that are consistent with the equilibrium conditions. Given that ;1
enters the latter jointly with the current inflation rate, there are also multiple admissible
values for beginning-of-period real balances m;_1. If, however, current inflation serves as the
policy indicator, it can be determined in every period, such that m;_1 serves as a relevant
determinant for current consumption by the equilibrium condition (13). As a consequence,
the initial price level P_; (and, thus, the initial stock of money m_; = M_;/P_1), matters
for the equilibrium allocation. If, however, the central bank sets the nominal interest rate
contingent on expected future inflation, one can only determine the expected future values
but not the current values for inflation and consumption. Subsequent to the initial period,
households will adjust m; in accordance with their desired future consumption E;¢;y1, so that
their behavior is not history dependent. Thus, the beginning-of period real value of money is
then irrelevant, and there are multiple price level sequences (though the equilibrium displays
nominal determinacy).

For equilibrium sequences to be locally stable and unique the inflation elasticity p, has to
satisfy certain conditions.!” Under an interest rate rule featuring current inflation, it turns
out that there is no robust value for the inflation elasticity that ensures local stability and
uniqueness. For example, when the real balance effect and the labor supply elasticity satisfy

€ca > 5747 and 07 > interest rate policy should be passive, pr < 1, while the

inverse, pr > 1, is required under ., < 57 or o; < 0y (see proposition 2). When the central
bank sets the nominal interest rate contingent on expected future inflation, activeness pr > 1
is always necessary (but not sufficient) for uniqueness. As in the previous case (see part 2 of
proposition 2), the equilibrium exhibits different properties if the labor supply elasticity is
infinite 0; = 0 as described in part 2 of proposition 3. With a forward looking interest rate
rule, the model then reduces to a set of static equilibrium conditions characterized by unique
equilibrium sequences { E¢Cy1, BiTe11, M, ]?Et}toio for any non-zero inflation elasticity pr # 1.

Under a money growth regime equilibrium determination is less sensitive. Ruling out
unreasonable parameter values, we focus, for convenience, on the case where the inverse of the

elasticity of intertemporal substitution of money is not extremely large, o, < z = R/(R—1).2°

'Non-emptiness of the sets for p, requires prz > 1 and —pr1 > Dr2 , which is fulfilled for the given
restrictions on o; and &., in part 1b and 1lc.

20Tt should be noted that o, < z is just a sufficient precondition for the result in proposition 4 and hardly
restrictive if one assigns values for o, that relate to reasonable magnitudes of o.
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Proposition 4 (B, Money growth policy) Suppose that beginning-of-period money en-
ters the utility function and that o, < z. Under a constant money growth rule, the equilibrium
sequences {¢y, Ty, my—1} Yt > 1 and {Et} YVt > 0, are locally stable and uniquely determined,
and there exists a unique consistent price level Vt > 0.

Proof. See appendix 6.5.

A comparison of the results in the propositions 2-4 shows that the money growth regime
leads to an equilibrium behavior being different from the behavior under both interest rate
policy regimes. On the one hand, the price level can always be determined if real balances
are determined, given that the value for the nominal stock of money is known in every
period. On the other hand, the initial values for the inflation rate 7y and real money m_;
are irrelevant for equilibrium determination, implying that there are — for different initial
price levels — multiple values for both which are consistent with a unique set of equilibrium
sequences {¢;, Ty, my—1 }72, and {ﬁt}?io- As a consequence, the REE does not feature real
balances as a relevant endogenous state variable. Put differently, for the economy to evolve
in a history dependent way, it is, therefore, not sufficient that monetary policy is conducted
in a backward looking way. In fact, it is the households’ consumption decision rather than a
restriction on the evolution of money, which is responsible for the equilibrium sequences to
depend on beginning-of-period money holdings. There is an analogy to the role of physical
capital in a standard real business cycle model with a depreciation rate equal to one. Capital
remains a relevant state variable, even though the model (virtually) lacks an accumulation

equation.?!

3.2 End-of-period money

Next, we will briefly summarize the requirements for equilibrium determination under the
assumption that end-of-period money holdings enter the utility function. This case has
also been examined by Benhabib et al. (2001a) and by Woodford (2003) for interest rate
policies, and by Carlstrom and Fuerst (2003) for money growth rules. The deterministic
steady state for this version is characterized by the following conditions, R = 7/, —u;(¢) =
u.(C,m) (e — 1) /e, and u.(C,m) (R — 1) = u,(M,¢).2? Log-linearizing the model summarized
in definition 1 for A; = M; at the steady state with R > 1 leads to the following set of
equilibrium conditions:

ey = (0 + o) — (1 +07) 5, (17)
OcCt — €caMi = 0cEiCri1 — ca By — ﬁt + BTt (18)
(Sea + 0a) Tt = (Gac +0) & — (2 — 1) Ry (19)

21 Consider a real version of our model, with perfect competition, a production technology satisfying y; =
stkf‘,lltlfa, where k:—1 denotes the beginning-of-period stock of physical capital and a € (0,1), and a capital
depreciation rate of 100%. Nevertheless, capital serves as a relevant state variable, i.e., k:—1 affects the
equilibrium allocation in period t.

22 A discussion of steady state uniqueness is provided in appendix 6.2.
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The conditions (17)-(19), the transversality condition, and a monetary policy rule (16) have
to be satisfied by sequences {¢, 7, My, Et}?io for {5:}5°,. In contrast to the B-version, con-
sumption and inflation are independent of beginning-of-period real balances. Put differently,
the private sector behavior is entirely forward-looking in the E-version with the consequence
that the equilibrium displays nominal indeterminacy.

Proposition 5 The equilibrium displays nominal indeterminacy, if the end-of-period stock
of money enters the utility function.

The following proposition summarizes the conditions for equilibrium determination under
interest rate policy.

Proposition 6 (E, Interest rate policy) Suppose that end-of-period money enters the util-
ity function and that the central bank sets the nominal interest rate.

1. When current inflation enters the interest rate rule, j%\t = pxTy, the equilibrium displays
real determinacy and local stability if and only if pr > 1.

2. When future inflation enters the interest rate rule, j%\t = prETiy1, inflation cannot
uniquely be determined. The equilibrium sequences {¢;, Eyyi1, My, R }52, are locally

-1
stable and uniquely determined if and only if 1) pr > 1 or pr < (1 + %)
for o, >0, and ii) pr # 1 for oy = 0.

Proof. See appendix 6.6.

As in the B-version, equilibrium determination depends on the particular interest rate rule.
When the nominal interest rate is set contingent on current inflation, inflation can be deter-
mined for all periods. Under a forward looking interest rate policy, one can only uniquely
determine expected future inflation. In any case, the initial price level and initial real balances
are irrelevant for a REFE, implying nominal indeterminacy and the absence of an endogenous
state variable. Uniqueness of equilibrium sequences is further ensured by an active interest
rate policy, pr > 1, under both types of rules. For the special case, where the labor supply
elasticity is infinite, any forward looking interest rate rule satisfying p, # 1 leads to unique
equilibrium sequences {¢;, FyTy11, My, Et}?i@ Turning to the case where the central bank
holds the money growth rate constant, we find that the equilibrium behavior closely relates
to the one in the B-version.

Proposition 7 (E, Money growth policy) Suppose that end-of-period money enters the
utility function and that the money growth rate is held constant. Then, the equilibrium se-
quences {¢, my, ﬁt} YVt > 0 and {m} Vt > 1 are locally stable and uniquely determined, and
there exists a unique consistent price level ¥Vt > 0.

Proof. See appendix 6.7.

To summarize, the specification of money demand has substantial consequences for the deter-
mination of equilibrium sequences and for macroeconomic stability. The beginning-of-period
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value for real money balances is only relevant for equilibrium determination in the B-version
under a non-forward looking interest rate rule. In the E-version, where the households’ be-
havior lacks any backward looking element, the initial value of real balances is irrelevant for
any policy regime under consideration. Whether beginning-of period real money is serving
as a relevant endogenous state variable or not, is, on the one hand, decisive for a unique de-
termination of a price level, and, on the other hand, crucially affects the conditions for local
stability and uniqueness under an interest rate policy regime: Policy should rather be passive
than active, to avoid unstable or oscillatory equilibrium sequences. Under a constant money
growth regime, however, real determinacy and uniqueness of a price level sequence is ensured
for both versions. In particular, consumption is determined regardless of the labor supply
elasticity. This contrasts the findings under interest rate policy, where current consumption
and, thus, household welfare cannot uniquely be determined if the labor supply elasticity is
infinite, or if interest rates are set contingent on changes in expected future inflation.

3.3 Related results

The main novel results in this section refer to the case where beginning-of-period money enters
the utility function and the central bank applies an interest rate rule, while some results for
the alternative cases correspond to results in related studies on real balances effects and
equilibrium determinacy in flexible price models. For example, our findings for the F-version
(see part 1 of proposition 6) resemble the results in Benhabib et al. (2001a) and Woodford
(2003) for non-separable utility functions. They find that when current inflation serves as
an indicator, active interest rate setting is necessary and sufficient for local stability and
uniqueness. This, however, changes when beginning-of-period money provides utility, since
equilibrium sequences are then — except for the case o, = 0 — unstable or oscillatory (see
proposition 2). Thus, the literature has disregarded the role of predetermined real balances
as a relevant state variable, which substantially affects the real and nominal determinacy
properties.

If the monetary authority applies a constant money growth rule, then local stability and
uniqueness impose restrictions on preferences only in case where the stock of money held at
the beginning of the period provides utility. In particular, the inverse of the intertemporal
elasticity of substitution for real money balances should not be too large (see proposition 4),
which corresponds to the results in Brock (1974), Matsuyama (1990), Carlstrom and Fuerst
(2003), and Woodford (2003). Assuming that end-of-period money provides transaction
services, Brock (1974), Matsuyama (1990), and Woodford (2003), show that local stability
and uniqueness is ensured if consumption and real balances are Edgeworth-complements,
as in our framework. Furthermore, Carlstrom and Fuerst (2003) find that the intertemporal
elasticity of substitution for money can matter for local stability and uniqueness is guaranteed,
as in proposition 4.

To unveil the role of non-separability for the results and to facilitate comparisons with
related studies (see, e.g., Carlstrom and Fuerst, 2001), we further briefly discuss the case
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where money demand is separable, €., = ¢4c = 0. Then, the model reduces to

—(z—04) R, for the B-version

R, = E7 , and oMy = ~ )
! tt, ARG Calllt {(zl)Rt for the E-version

while consumption is exogenously determined. When utility is separable, the conditions
for uniqueness under money growth policy, which are presented in proposition 4 and 7, are
unchanged. In contrast to the results for the non-separable case, the particular stock of
money that enters the utility function is now irrelevant for equilibrium determination under
interest rate policy: Equilibrium uniqueness requires pr > 1 for ﬁt = p7iy and p; # 1 for
Et = pxEiTi41, which accords to the results in Carlstrom and Fuerst (2001). As in the case of
non-separable utility, current inflation cannot be determined under a forward looking interest
rate rule, while under a money growth rule inflation is only indetermined in the first period.

4 Staggered Price Setting

In this section, the conditions for local stability and uniqueness of a rational expectations
equilibrium under staggered price setting are derived for the same versions as in the previous
section. The equilibrium under sticky prices (¢ > 0) can be summarized as follows.

Definition 3 A rational expectations equilz'brz'um is a set of sequences {ct, le, M, i, P,
P, Pt, mey, wy, ap, R}y, where ap = my_1/m; (B-version) or ag = my (E- verswn)
satisfying the firms’ first order conditions wy = symee, (10) where Rt = Pt, and Pt =
¢ (TP_1) " + (1 — ¢) P}, the households’ first order conditions (5)-(8) and m; = P/ P,_1,
the aggregate resource constraint ¢, = (P /Py)sly, and (P;)~¢ = ¢ (TP ) "+ (1 - $) P,
the transversality condition, and monetary policy (11) or (12), for {s;}32, and given initial
values P_y >0, P*; >0, and m_y = M_1/P_1 > 0.

Note that in the version with staggered price setting the initial price indices P_; and P*,
add to the set of given initial values, which under flexible prices only consists of initial cash
balances M_;. Thus, there is a unique sequence of aggregate prices {P,}7°, whenever the
current inflation rate 7y is uniquely determined. We will, therefore, not refer to the issue of
price level determination in what follows.

4.1 Beginning-of-period money

As in the previous section, we firstly consider the B-version where beginning-of-period money
provides utility, A, = M;_;. Log-linearizing the equilibrium conditions summarized in de-
finition 3 at the steady state with R > 1 (see appendix 6.2) leads to the following set of

conditions
— BEdi1 = X [(01 + 0¢) €& — ecaTi—1 + €caTt] — x (1 + 07) 5t, (20)
OcCt — EcaMi—1 + EcaTlt = UcEtEt—i-l — EcaMyt + (5ca, + 1) Etﬁt—i-l — Ry, (21)

(Eca, + Ua) T?Lt = —Zﬁt + (O'c + ¢a¢) E{C\H_l + (53@ + Ua) EﬁT\H_l, (22)

Working Paper Series No. 458



where x = (1 — ¢) (1 — 8¢) ¢! > 0 (see Yun, 1996). The conditions (20)-(22) have together
with the transversality condition and a monetary policy rule (16) to be satisfied by sequences
{¢, Ty, my—1, }A?t}fio for {5;}22, and a given initial value m_;. It should be noted that in-
flation tends, by the aggregate supply relation (20), to decrease with real money balances.
Given that consumption and money are Edgeworth-complements, marginal utility of con-
sumption increases with real balances. As households seek to equalize the marginal utility
of consumption and leisure (see (5) and (7)), demand for leisure decreases, which leads to a
shift of the labor supply curve towards lower real wages. Hence, a rise in real balances tends
to lower real marginal costs, inducing firms to cut their prices.

The following proposition summarizes the conditions for local stability and uniqueness
for the case where the central bank sets the nominal interest rate contingent on changes in
the current inflation rate, ﬁt = prTt.

Proposition 8 (B, Interest rate policy, R, = pPrTity @ > 0) Suppose that prices are not
perfectly flexible, ¢ > 0, that beginning-of-period money enters the utility function, and that
the central bank sets the nominal interest rate contingent on changes in current inflation,
ﬁ»t = Prﬁt-

1. When the labor supply elasticity is finite, o; > 0, the equilibrium displays real determi-
nacy and local stability,

(a) if and only if pr3 < pr < 1 for ecq > % and oy > 07, leading to non-oscillatory
equilibrium sequences, or max {1,6T(zolxa,;a)_1} < pr < Pn3, leading to oscilla-

tory equilibrium sequences, or
(b) if max{l,ﬁT(zalxaca)*l} < pp for ecq > @%jﬁand 07 < T7, OT €ca < ﬁ,

leading to oscillatory equilibrium sequences,

UlX(£ca+Ua)+T(2B+X+2)
X[Ul (2’571)56&70'10'0,*'1‘]

where pr3 = and o] = C X

2z—1)eca—0a

2. When the labor supply elasticity is infinite, o = 0, the equilibrium displays real deter-
minacy and local stability if and only if pr > 1.

Proof. See appendix 6.8.

As summarized in part 1 of proposition 8, passive interest rate setting p, < 1 is necessary for
locally stable, unique, and non-oscillatory equilibrium sequences, if the labor supply elasticity
is finite o; > 0.2% As in the corresponding case with flexible prices (see part 1 of proposition 2),
real money is a relevant state variable, such that the economy evolves in a history dependent
way. Hence, the central bank should refrain from setting the nominal interest rate in an
active way. Under separable preferences, an active interest rate policy, which leads to an
unstable eigenvalue, is required for local equilibrium uniqueness in the absence of a relevant
endogenous predetermined state variable (see Woodford, 2003). Here, the existence of the

?3Non-emptiness of the sets (pn3,1) and (max{l,ﬁ’r(zalxsm)*l} ,P=3), requires o; > LGl g

(z—1)eca—0a

: T( 1)
€ca > 24, and, respectively, o < Bixtl) g o La

(2—=1)eca—0a
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latter is responsible for an active interest rate policy to destabilize the economy. As shown
by Dupor (2001), an analogous result can arise when physical capital is introduced in a sticky
price model. Notably, beginning-of-period real balances are — as in the corresponding case
under flexible prices — irrelevant, when the labor supply elasticity is infinite, o; = 0.

The following proposition summarizes the results for a forward looking interest rate rule,
Ry = paEiis1.

Proposition 9 (B, Interest rate policy, ﬁt = prEtTi41, ¢ > 0) Suppose that prices are
not perfectly flexible, ¢ > 0, that beginning-of-period money enters the utility function, and
that the central bank sets the mominal interest rate contingent on changes in expected fu-
ture inflation, ﬁt = prEyi1. The equilibrium displays real determinacy and local stability
if and only if pr < 1, leading to non-oscillatory equilibrium sequences, or if pr > —px3

and 07 < T 01 €cq < 522, leading to oscillatory equilibrium sequences, where —pr3 =

2z—17
I;C(f;ff Ig‘l)jzf)fé(ifgicﬁ) > 1. Otherwise, the equilibrium sequences are unstable.

Proof. See appendix 6.9.

According to the conditions presented in proposition 9, passiveness is necessary and sufficient
for the existence of exactly one stable and positive eigenvalue, if future inflation serves as the
indicator for interest rate policy. In contrast to the former case, this result does not depend
on the labor supply elasticity o; (see proposition 8). If interest rate policy is extremely
reactive, pr > max {1, —pr3}, equilibrium sequences can also be locally stable and unique,
though they are oscillatory in this case. For any other inflation elasticity, the central bank
induces the equilibrium sequences to be unstable.?

Now, suppose that the central bank conducts monetary policy according to a constant
money growth rule. The following proposition summarizes the local equilibrium properties,
where we focus, for simplicity, on the case where the intertemporal substitution elasticity
of money does not take unreasonably large values, o, < 2z (see proposition 4 for a related
assumption).

Proposition 10 (B, Money growth policy, ¢ > 0) Suppose that prices are not perfectly
flexible, ¢ > 0, and that beginning-of-period money enters the utility function, which satisfies
04 < 2z. Then, under a constant money growth policy the equilibrium displays real determi-
nacy and local stability if but not only if pac < (2 — 1)oc. The equilibrium sequences are then
non-oscillatory.

Proof. See appendix 6.10.

As described in proposition 10, a constant money growth policy can ensure local stability
and uniqueness if real balance effects are not too large, ¢ < (2 — 1)o.. In contrast to the
corresponding case with flexible prices (see proposition 4), current inflation can — due to
sticky prices — be determined, implying that beginning-of-period real balances now serve as

**Note that if o; = 0, the threshold —p=3 reduces to the term 1 + M, which also serves as an upper
bound for the inflation elasticity in the corresponding model with a separable utility function (see Carlstrom
and Fuerst, 2001).
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a relevant state variable. Thus, local stability demands a stable eigenvalue, which requires
the equilibrium sequence of real balances to be positively related to inflation, since constant
money growth implies a negative inflation feedback. Even in the presence of the above
mentioned negative partial impact of real balances on current inflation via the aggregate
supply relation (20), such a positive relation arises if the real balance effect is not extremely
large. In this case, for which ¢4 < (z —1)o. is sufficient, local stability and uniqueness arises.
This, will be discussed in more detail in the last part of this section.

4.2 End-of-period money

Next, we examine the E-version where the end-of-period stock of money enters the utility
function. The main difference to the former case can immediately be seen from the following
set of linearized equilibrium conditions (see definition 3):

Ty — BET 1 = x [(01 + 0¢) € — €caie] — X (1 + 07) 5, (23)
ac/c\t - Ecamt = acEt/C\t-‘rl - EcaEtﬁlH-l - ﬁt + Etﬁt-‘rla (24)
(Sea + 0a) Mt = (bac + 0e) & — (2 — 1) Ry. (25)

The conditions (23)-(25) together with the transversality condition and a monetary policy rule
(16) have to be satisfied by sequences {¢z, 7y, My, Et}?io for {5;}2°, and a given initial value
m_1. As beginning-of-period real balances do not enter the set of equilibrium conditions (23)-
(25), the solution does, evidently, not depend on the realizations of a predetermined variable
unless policy is history dependent. Put differently, the households’ behavior is entirely forward
looking such that history dependence can only be due to monetary policy. The following
proposition summarizes the local equilibrium properties for both interest rate rules.

Proposition 11 (E, Interest rate policy, ¢ > 0) Suppose that prices are not perfectly flex-
ible, ¢ > 0, that end-of-period money enters the utility function, and that the central bank
sets the nominal interest rate.

1. When current inflation serves as the indicator, E = pxTt, the equilibrium displays real
determinacy and local stability if and only if pr > 1.

2. When future inflation serves as the indicator, j%\t = poETiy1, the equilibrium dis-
plays real determinacy and local stability if and only if 1 < pr < min{pra, Pr5} or
_ 7 _ 3 — _ T(2+2 atEea
max{lvpﬂ'él} < prn < Pr5, where prg = Xaleca’fzfl) > 0 andprs = X(Ul—’(_(fzt)i));f?((ri)jr_;T) =
0, for oy >0, and pr € (1,14 2(1+ 3)/x) for o = 0.

Proof. See appendix 6.11.

According to proposition 11, active interest rate setting is necessary (but not sufficient) for
real determinacy.?> When the central bank applies a forward looking rule, it should not raise

2 The condition for real determinacy in part 1 accords to the determinacy conditions in Benhabib et al.’s
(2001b) analysis of a continuous time framework, which relates to an end-of-period specification, and in
Kurozumi (2004), who applies a Taylor-type interest rate rule featuring current inflation and the output gap.
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the interest rate too aggressively with inflation (see part 2 of proposition 11).26 Thus, non-
separability does for the E-version not lead to a fundamental deviation from the principles
for equilibrium determinacy in the corresponding model with a separable utility function.
Compared to the latter case (see, e.g., Carlstrom and Fuerst, 2001, or Woodford, 2003),
the conditions for real determinacy under a forward looking interest rate rule are, however,
more restrictive under non-separable preferences. In the special case where the labor supply
elasticity is infinite, o; = 0, the conditions for both cases are identical.?”

Now suppose that the central bank applies a constant money growth rule. Then, the model
exhibits a relevant state variable, even though the households’ behavior is entirely forward
looking. History dependence of the equilibrium sequences is thus induced by monetary policy.
It should be noted that this property crucially relies on prices to be sticky. In contrast, a
money growth policy cannot not induce a history dependence under perfectly flexible prices
(see proposition 7).

Proposition 12 (E, Money growth policy, ¢ > 0) Suppose that prices are not perfectly
flexible, ¢ > 0, and that end-of-period money enters the utility function. Then, under a
constant money growth policy, the equilibrium displays real determinacy, and the equilibrium
sequences are locally stable and non-oscillatory.

Proof. See appendix 6.12.

According to proposition 12, a constant money growth policy guarantees local stability and
uniqueness in the E-version. In contrast to the B-version (see proposition 10), this result
is ensured without any further restriction. It should be noted that ecqps. < 0.04, Which
is ensured by the assumptions (3)-(4), is crucial for the results in proposition 10 and 12.
To be more precise, local stability and uniqueness for both timing specifications rely on
the assumption that the utility function is strictly concave in consumption and real money
balances.

4.3 Discussion

In contrast to the case where prices are flexible, beginning-of-period real balances always
serve as a relevant determinant for current consumption in the B-version. Nonetheless,
the conditions for locally stable, unique, and non-oscillatory equilibrium sequences under
interest rate policy unveil the same principles: Whenever real money serves as a relevant
predetermined state variable, interest rate policy should be passive to avoid macroeconomic
instability (see propositions 8-9). In the E-version, however, beginning-of-period real balances
are irrelevant and interest rate policy must be active for real determinacy (see proposition
11).

To get an intuition how money demand affects the local dynamics, suppose that the
real balance effect is small (low e.,) and that the economy is hit by a temporary negative

26Non-emptiness of the sets (1, min {pr1, prs}) and (max{1,p=1},P=5) requires, eca < BY[xoi(z — 1)]7%,

and, respectively, BY[xo1(z — 1)] 7 < €ca < Y (1 + B)[xoi(z — 1)] 71, if prz < 1.
For 0y = 0, pr € (1,1 +2(1 + B)/x) is necessary and sufficient for local stability and uniqueness of the
E-version, while it leads to unstable equilibrium sequences in the B-version (see proposition 9).
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productivity shock, s; < 0, which induces a rise in current inflation by the aggregate supply
relation. For a positive inflation elasticity, pr > 0, the nominal interest rate rises, causing
households to reduce their end-of-period real balances m; by (22) for the B-version as well
as by (25) for the E-version. According to (21) as well as (24), higher nominal and real
interest rates are associated with a rise in the growth rate of consumption and a decline in
the growth rate of real balances.?® For the E-version, the rise in the nominal interest rate has
to induce consumption to grow strong enough such that the growth rate of real balances is
also positive and consistent with the consumption Euler equation. Then, consumption ¢; and
real balances m; decline on impact in return to the steady state from below in the subsequent
period. Thereby, activeness, pr > 1, ensures that the real interest rate does not decline, ruling
out real indeterminacy, as in a version without real balance effects (see Woodford, 2003).

If, however, the beginning-of-period stock of money enters the utility function, the rise
in the real interest rate is associated with a decline in (m; — m_1), causing end-of-period
real balances m; to decline, given that the beginning-of-period amount of real balances is
predetermined (see 21). Thus, m; declines due to the consumption Euler equation (21) and
the money demand condition (22). This, however, further feeds the inflationary pressure,
as can be seen from the aggregate supply constraint (20), where real balances enter with a
negative coefficient. As a consequence, the contractionary effect of a rise in the nominal and
in the real interest rate is perpetuated, giving rise to equilibrium sequences diverging from
the steady state. If, however, interest rate policy is passive, real balances tend to grow with
the decline in the real interest rate by (21), implying a convergence back to the steady state.

Our results in proposition 10 and 12 indicate that constant money growth ensures locally
stable, unique, and non-oscillatory equilibrium sequences for small real balance effects in
both versions. To see how this policy rule affects the local dynamics, suppose again that
a contractionary productivity shock causes inflation to be higher than in the steady state.
According to the constant money growth rule, real balances must decrease. Since real balances
and consumption are Edgeworth-complements, households tend to reduce consumption, such
that the nominal interest rate and the real interest rate rise due to the consumption Euler
equation, (21) or (24). Now recall that the aggregate supply relation (20) or (23) predicts that
real balances and consumption affect the current inflation rate in opposite ways: Consumption
tends to increase and real money balances tend to decrease current inflation to the extent
€eaX- Thus, inflation can only rise if there is a sufficiently large real balance effect, measured
by ecq. Yet, real balance effects are — through our assumptions of a strictly concave utility
function (4) — ensured to be sufficiently small such that the decline in consumption indeed
governs the inflation response. Thus, the real value of money can subsequently rise due to
the decline in inflation, such that the equilibrium sequence of real balances converges to its
steady state value.

It should finally be noted that if the utility function is assumed to be separable, our
model would reproduce the conventional determinacy results under interest rate rules (see
Carlstrom and Fuerst, 2001, or Woodford, 2003): When the central bank follows an interest
rate rule featuring current inflation then an active interest rate setting is necessary and

28 According to the real balance effect, a decline in the marginal utility of consumption, can either be brought
about by an increase in consumption, or by an decrease in real balances.
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sufficient for macroeconomic stability. If the central bank follows a forward looking interest
rate rule, activeness is necessary but not sufficient for locally stable and unique equilibrium
sequences. To be more precise, pr € (1,1+20.(1+3)[x(0;+0.)] 1) ensures local stability and
uniqueness. If the monetary authority controls the supply of money then 2z > o, is sufficient
for locally stable and unique equilibrium sequences if beginning-of-period money provides
utility. Finally, if the stock at the end of the period delivers utility then a constant money
growth regime ensures local stability and uniqueness.?? Thus, macroeconomic stability is
likely to be ensured by a constant money growth policy, regardless of real balance effects, or
if prices are flexible or sticky.

5 Conclusion

Real balance effects typically arise when transaction costs are specified in a general equilib-
rium model in form of shopping time or real resource costs, which are reduced by money
holdings. The fact that the equilibrium sequences for real balances and consumption can
then not separately be determined, is broadly viewed as negligible for the assessment of
monetary policy, given that empirical evidence suggests real balance effects to be relatively
small. In contrast to this view, it is demonstrated in this paper that the existence (not the
magnitude) of real balance effects can have substantial implications for the determination of
a rational expectations equilibrium and of the price level under interest rate policy. However,
for real balance effects to contribute to price level determination, as for example suggested
by Patinkin (1965), the stock of money held at the beginning of the period rather than held
at the end of the period has to be assumed to provide transaction services. Then, there
exists a unique initial price level that is consistent with a rational expectations equilibrium,
i.e., the equilibrium displays nominal determinacy. Whenever the price level can uniquely
be determined, real money serves as a relevant state variable, since money that has been
acquired in the previous period relates to the households’ current consumption expenditures.
These properties, which have until now been ignored in the literature, crucially affect the
conditions that ensure macroeconomic stability under interest rate feedback rules regardless
whether prices are flexible or sticky. If, on the other hand, current consumption is related to
the end-of-period stock of money, then the equilibrium displays nominal indeterminacy, and
the well-known principles for uniqueness and stability of equilibrium sequences of a cashless
economy (roughly) apply.

While the particular determinacy conditions for macroeconomic stability are highly sen-
sitive under an interest rate policy regime, equilibrium uniqueness and stability is likely to
be ensured by a constant money growth policy. This suggests that a central bank that aims
to avoid multiple, unstable, or oscillatory equilibrium sequences in an environment where
transaction frictions are non-negligible, should rather control the supply of money than the
nominal interest rate. Yet, an optimal conduct of monetary policy will certainly require the
supply of money to be state contingent (as an interest rate feedback rule), which might be
associated with different determinacy implications than a constant money growth regime.

29 A similar conclusion is drawn by Evans and Honkapohja (2003) from their numerical analysis of real
determinacy under money growth policy in a sticky price model.
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6 Appendix

6.1 Equivalence between explicit transaction frictions and money-in-the-
utility-function

In this appendix we examine the relation between the money-in-the-utility-function spec-
ification, which is applied throughout the paper, and explicit specifications of transaction
frictions, i.e., a shopping time specification and a specification where transactions are associ-
ated with real resource costs. For this demonstration, which relates to the analyses in Brock
(1974) and Feenstra (1986), we assume, for convenience, that prices are flexible, ¢ = 0. For
both alternative specifications, we assume that the objective of the representative household
is given by

Ey Zﬁtv (ct,zt), Ve >0,0e <0,05 >0, v =0, and vz, <0, (26)
t=0

where x denotes leisure.

1. We firstly consider a conventional shopping time specification which relates to the one
applied in Brock (1974), McCallum and Goodfriend (1987), or Ljungqvist and Sargent
(2000). For this we assume that households have to allocate total time endowment,
which is normalized to equal one, to leisure x, working time [, and shopping time s,
where the shopping time is assumed to depend on the consumption expenditures and
on real balances

1 2$t+lt+8t, where St :H(Ct,At/Pt).

Following Ljungqvist and Sargent (2000), we assume that the shopping time function H
satisfies: H. > 0, H.. > 0, H, < 0, and H,, > 0 and H., < 0. Using that z; = 1—1; —s;
holds in the household’s optimum, we can rewrite the utility function as

U(Ct, lt, at) =v (Ct, 1-— lt — H(Ct, at)) y

where u. = v, + v, (—H,) § 0, Uy = Vp(—Hy) >0, up = —vy <0, Upe = Vg + Vg H? —
Ve Hee < 0, Uy = Vg He <0, Ugq = Vg H2 — 03 Hyg < 0, ug = vy Hy > 0, as well as
Uy = Uge. Hence, the marginal utility of consumption, which is given by

Ueq = UgpHoHe — Uz Heg,

is non-decreasing in real balances. If the shopping time function is non-separable or if
leisure enters the utility function in a non-linear way, then marginal utility of consump-
tion is strictly increasing in real balances.

2. Next, we closely follow the analysis in Feenstra (1986), and assume that purchases
of consumption goods are associated with real resource costs of transactions ¢(ct,ay),
which satisfy: ¢ > 0, ¢(0,a) = 0, ¢ > 0, ¢y < 0, Pec > 0, g > 0, ¢ge < 0. The
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household’s budget constraint then reads

My+Bi+E[q1 141 Zi-1)+Pio(cr, ar) + Piey < Ry 1By 1+ Zy+ M1+ Powly+ Py — Py

(27)
Maximizing (26) subject to (27), a no-Ponzi game condition, and z; < 1 —[;, leads —
inter alia — to the following first order conditions for consumption and leisure:

)\Tt(l + ¢C(Ct’ at)) = UC(Ct)a ArtWy = Ux(l — lt),

where A,; denotes the Lagrange multiplier on (27). Note that the aggregate resource
constraint now reads y; = ¢ + ¢(c,a¢). Using the linear production technology, we
therefore obtain the following equilibrium condition: I; = ¢;+¢(ct, a¢). Combining these
conditions and using that w; = (¢ — 1)/e under flexible prices, leads to the following
expression for the marginal utility of consumption:

veler) = ——7 Vs (1 — e = ler, ar)) (1 + @e(cr, ar))-

-1
Evidently, the equilibrium sequence of consumption is in general not independent from
real money balances due to the existence of transaction costs. Differentiating the latter
condition gives

@ N 5/(6 - 1)[Ux¢ca - Uxx(l + ¢C)¢a]
day B Vee + 6/(6 - 1)[(1 + ¢c)2vxac - ¢ccvx] ’

Hence, consumption is positively related to real balances even if either the cross-

derivative ¢., vanishes or the labor supply elasticity is infinite, i.e. vy, = 0.

The corresponding properties of our MIU specification immediately show that an equivalence
between the latter and the shopping time specification in 1. requires consumption and real
balances to be Edgeworth-complements in the MIU version, if vy, < 0 or H., < 0. In order
to compare the MIU specification with the transaction cost specification in 2., we apply the
first order condition for consumption and labor, the aggregate resource constraint, and the
production function, which imply that the equilibrium sequence of consumption under a MIU
specification satisfies de;/da; = —teq(Uec+€/(€— 1)uy)~!. Evidently, an equivalence between
both specifications requires consumption and real balances to be Edgeworth-complements,
Le. Ueg > 0,if ¢peq < 0 0r vz < 0. Thus, vy, < 0, which implies a finite labor supply elasticity
is sufficient for the existence of real balance effects under both specifications of transaction
frictions.

6.2 Existence and uniqueness of the steady state

In this appendix, we briefly examine globally the steady state properties of the model.
Thereby, we restrict our attention to the case where the nominal interest rate is strictly
positive, R — 1 > 0. We further omit, for convenience, bars which are throughout the paper
used to mark steady state values.

When the stock of money at the beginning of the period enters the utility function, the de-
terministic steady state is characterized by the following conditions: —u;(c) = u.(¢c, m/7)(e —
1)/e, R = m/3 and u4(c,m/m)(uc(c,m/7))~t = R — 1. For an interest rate policy regime, it
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is assumed that the policy rule of the central bank, R(7), has a unique solution for the steady
state relation R = m/f3, so that the inflation rate can be substituted out. The first equation
implies that ¢ is an implicit function of m, ¢ = f(m), with f'(m) = —uc(e — 1)[RBe(uy +
tec(e—1)/€)]7t > 0. Using this, the third equation can be used to determine the steady state
value for m with u,(f(m), m/m)[u.(f(m),m/(RB))]~! = R — 1. Differentiating the fraction
on the left hand side reveals that

dua/uc UC(E - 1)/€(uccuaa - uza,) + ull(uaauc - uauca)

= 0
dm RBu2(un + teelc — 1)/€) =

as we assumed concavity for u(c,a). It follows that a globally unique steady state exists if

and only if:
iy _talf(m), m/RB)

Thus, steady state uniqueness relies on money to be essential (see Obstfeld and Rogoff, 1983):
The marginal utility of real money balances should grow with a rate that is higher than the

>R—-1.

rate by which 1/u,. converges to zero when m approaches zero. An analogous line of arguments

in case of a money growth policy leads to the condition lim,, g ua(g(m), m/p)[uc(g(m), m/p)] =t >
pu/B — 1, where ¢ = g(m) is the implicit relation derived of the steady state condition
—uy(c) = uc(e,m/p) with g'(m) = —uea(e — 1)[pue(uy + uee(e — 1)/€)]F > 0. The condi-
tion for existence and uniqueness for the interest rate policy regime if end-of-period money
provides transaction services is

lim ua(fE(m), m) o R—-1
m—0 uc(fE(m),m) R’

with f(m) = —uea(e — 1)[e(uy + tee(e — 1) /€))7 > 0. If the monetary authority applies a
constant money growth rule then lim,, o u.(f(m), m)[uc(fe(m),m)] =t > (u/B —1)/(1/B)
must be satisfied.

6.3 Proof of proposition 2

Consider a monetary policy regime that sets the nominal interest rate contingent on changes
in current inflation, Ry = p,7;. Reducing the model in (13)-(15) leads to the following system
in inflation and real money balances, where we omitted the exogenous state:

-1
~ OJl€ca _ Oi€ca Oi€ca _ Oi€ca ~ =
Etﬂ-tJrl _ Tgl+gc +1 . e Tit0e + pr o1 to. Tt — A Tt
fﬁt +0'l(€ca+0'a) _ +0’l(€ca+0'a) 2pn 0 ﬁfl/tfl ﬁl‘tfl ’

Oc+0; Oc+0;

The characteristic polynomial of A can be simplified to

T +0i(cca +0a) —201€ca  PrZ0ica
T+ 01(€ca + 04a) Y + 0y(eca + 04a)

F(X)=X?-Xpx

Consider the case the labor supply elasticity is finite o; > 0. In this case, the determinant of
A, det(A) = F(0) < 0, is strictly negative, indicating that exactly one eigenvalue is negative
and that real money balances are a relevant state variable. Local stability and uniqueness
then requires that there exists exactly one root of F(X) = 0 with modulus less than one. To
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examine the conditions for this, we use that F(X) further satisfies

F(1)=1- px,
(1 + pw)(T + o-l(aca + Ua)) - 220l56apﬂ

F(_l) - T+Ul(5ca+ga)

Thus, for F(1) < 0 (> 0) and F(—1) > 0(< 0), the model is locally stable, unique and
(non-)oscillatory, since the stable eigenvalue is negative (positive). Suppose that the real
balance effect and that the inverse of the labor supply elasticity are large enough such
that €., > 04(22 — 1)7! and 0; > T, where 77 = m Then, F(—1) can be
negative if p, is sufficiently large. Local stability and uniqueness with F(1) > 0 and

F(—1) < 0, is then ensured by moderate inflation elasticities satisfying pz1 < pr < 1, where
- — UZ(Eca+Ua)+T
Prl = 01(22—1)ecqa—0,00—

F(—1) > 0, which requires 1 < px < pr1. Suppose that c., > 04(22 —1)~! or 0; < 57. Then,
F(—1) cannot be negative and local stability and uniqueness then arise if p; > 1.

+- Alternatively, local stability and uniqueness arise for F'(1) < 0 and

Now, consider the case where the labor supply elasticity is infinite, o; = 0. In this case
det(A) = 0, indicating that the beginning-of-period value for real money balances is irrelevant
for the determination of 7y and m;. It follows that one eigenvalue equals zero and the other
eigenvalue is larger than one, if and only if p, > 1. Then, the equilibrium sequences for 7,
E¢i+q, 7 and fi\t for t > 0 are locally stable and uniquely determined, while ¢; cannot be
determined. W

6.4 Proof of proposition 3

Consider a monetary regime in which future inflation serves as the policy indicator, fﬁt =
prET 1. Substituting for consumption with (13) and inserting the forward-looking feedback
rule, the model in (13)-(15) can be reduced to (where we omitted the exogenous state)

-1
~ OlEca . _ Ol€ca Ol€ca _ OlEca - -~
B ) _ 1o N 1) S T ortoe ortoe L N

L Y+0oi(ecatoa) _ _Y+oi(ecatoa) ~ ~ :
my oetor Zpx oeto; 0 0 m—1 my_1

The characteristic polynomial of A is given by

PrZ01Eca )
(T +01(cca +0a))(1 = pr) + pr2oicca”

F(X)=X(X -

Evidently, real money balances are not a relevant state variable, and one can only solve for
my, By, Ercier and ﬁt Vvt > 0. For a finite labor supply elasticity, o; > 0, local stability
and uniqueness requires the other eigenvalue (one is equal to zero) to be unstable. A positive
unstable root arises if monetary policy is active and o; > 73 or if 1 < pr < pra for o; < 773 or
€ca < 04/(22 — 1). A negative unstable root exists if pr > pr2, given that o; > 77 and ., >
04/(2z — 1), for 07 < T3 or ¢ < 04/(22 — 1). Thus, 1 < pr2 < pr < —pa1 leads to a locally
stable and unique equilibrium with a negative root for o; < @ or €., < 0,/(22—1). When the
labor supply elasticity is infinite, o; = 0, then the Euler equation reads (1 — pr)E7wi+1 = 0.
Thus, the model displays local stability and uniqueness if and only if p # 1. B
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6.5 Proof of proposition 4

Under a constant money growth regime the nominal interest rate can be substituted out so
that the reduced form system of the model in (13)-(15) reads (where we omitted the exogenous
state)

w1 E[Ci41] — (w2 + 1) My 4+ wo By [Ti41] = —0cCt + caMi—1 — EcaTit, (28)
5caﬁlt71 = (Ul + o-c)/c\t + 5caﬁt7 (29)

where @1 = (0c(1 — 2) + ¢ac) 271 and ws = (eea(l — 2) — 2 +04) 271, and My = My_1 — 7y
After eliminating consumption with (29) and inflation with the linearized money growth rule
(16), we get the following difference equation in m; :

2(018ca + 01 + 0¢) .
m
Z(Ulgca, +o; + Uc) - (T + 01€ca + Ulaa)

Eymy 1 =

Once my; is determined, which requires an unstable root, one can solve for 71; and ¢; Vt > 1,

while the initial values for consumption ¢y and inflation 7y cannot be determined. Local

uniqueness and stability of the equilibrium sequences {my, i1, Crv1, R )52, thus require
ca+ + C

z(Uzeca+;(il;c)*(a%+gzgca+moa) > 1 I Z(o-lgw“ o+ Uc) B (T + O1€ca + Uan) > 0, then

the root is positive and unstable. Rearranging and using T = 0.0, — €cqPac shows that this

conditions is satisfied for z > o,. B
6.6 Proof of proposition 6

Consider the case where the central bank sets the nominal interest rate contingent on changes
in current inflation, ﬁt = ppm.  After substituting for consumption and eliminating my
and my+1 with the static money demand equation (19), one obtains the following difference
equation (where we omitted the exogenous state):

(d + 1)pﬂ-%t = (dpﬂ' + 1)Etﬁt+1,

where d = (z — 1)016¢4 [T + 01(€ca + 04)] 7! > 0. Therefore p, > 1 is necessary and sufficient
for local stability and uniqueness of the equilibrium sequences of inflation 7;, real balances
my, consumption ¢; and the nominal interest rate, ]?it Vit>0.

Now, consider the case where future inflation serves as the policy indicator, ]?Et = pr BTy,
When the labor supply elasticity is finite, o; > 0, then the model in (17)-(19) reduces to:

p7r(1+d) -1

o Eiqq.

EiTio =
Evidently, one cannot determine current inflation rate 7. One obtains a unique and locally
stable solution for expected inflation, and the current values of consumption, real money
balances and the nominal interest rate, if the eigenvalue of this equation is positive and
unstable, which requires p, > 1. Alternatively, pr < [1 + 2d]~! ensures local stability and
uniqueness, where one eigenvalue is smaller than —1. When the labor supply elasticity is
infinite, o; = 0, then uniqueness of a equilibrium sequence for E;7y11 Vt > 0 is guaranteed

by p= # 1.1
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6.7 Proof of proposition 7

Under a constant money growth policy, m; = my;—1 — 7y, the model in (17)-(19) can — by
eliminating the nominal interest rate — be reduced to (where we omitted the exogenous state):

Ecamt = (O'Z + Uc) /C\t7 (30)
~ ~ ~ UC + QSG,C ~
NEiCt1 + e Bt +y3me = (1 + - )ct, (31)

where 71 = 0.(z —1)27!1 > 0, 2 = (1 + cca)(z — 1)z > 0 and 73 = (€ea + 0a)2~! > 0.
Eliminating consumption with (30) and inflation with the linearized money growth rule leads
to the following difference equation in real money balances:

[01(1 +eca) +0c)(z — 1)+ T + 01(cca + Ua)m
[01(1 + €ca) + 0c) (2 — 1) b

Eymy =

which evidently exhibits an unstable root. Thus, one can uniquely determine end-of-period
real balances m; , current consumption ¢, the nominal interest rate Ry Vt > 0, while inflation
7 can only be determined for t > 1. W

6.8 Proof of proposition 8

When current inflation enters the reaction function of the central bank, fﬁt = prTy, then the
model in (20)-(22) can be rewritten as (where we omitted the exogenous state)

my my—1
Emg | =A m |,
Eici Gt
0 B 0 T Xeea 1= Xeea —x (01 + 02)
where A = | —ecq — 04 Eca + T4 Tc + Pac 0 Zpx 0
—Eca €ea +1 Oc —€ca Pr T Eca Oc

The characteristic polynomial of the matrix A reads

1+ B8+ x)+ ox(eea + 0a)

BY
Y(1+ xpr) + XO1px(Eca + Ta) — 201pxXEca | ZO1PrXEea
BY BY

The value of F'(X) at X = 0, which is given by F'(0) = =255 > 0, discloses that F'(0) > 0
if o, > 0 and F(0) = 0 if o; = 0. Hence, for o; > 0 the model either exhibits one or three
negative roots, as det(A) = —F(0) < 0. Continuing the analysis for this case (o; > 0), the
value of FI(X) at X =1, given by

F(X)=X3— x2 X

+X

F(l) _ (pﬂ' - 1)X(T;Tal(sca + O'a,)),

reveals that locally stable, unique, and non-oscillatory equilibrium sequences necessarily re-

quire pr < 1. In order to rule out any further stable root for this case, we examine F(X) at
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F(-1) = & (22XPrEca — XEca — XPrOa — XPrEca — X0a) — T (28 + X + xpx +2)
— 5 ,

Suppose that (2z — 1)ecq > 04. Then, F(—1) < 0 requires, 0; > 7; = and

Pr > Pr3 = Uiﬁf{;}iﬂ‘s)&:ﬂrfﬁlﬁ at’i?]), which implies that the negative root is smaller than minus

(2z—1)eca—04q’

one. If pr > pr3, and 0; > 77, we know that F'(—1) > 0, such that the two remaining roots
are unstable and the equilibrium is locally stable and unique. Since the unstable roots are of
opposite sign, there cannot exist a pair of complex roots in this case.

If pr > 1, local stability and uniqueness require F'(—1) to be negative, implying that
there is a stable root between minus one and zero, i.e. an oscillatory equilibrium path. Then,
local stability and uniqueness are ensured by p, > max{l, BT(zalx&?ca)_l} it oy <77 If
0y > 07 then max {1, 3Y(201xeca) '} < pr < Pr3 ensures local stability and uniqueness. As
Pr > at

ZO[XEca
since they would necessarily lead to a determinant with an absolute value that is smaller

= det(A) < —1, a pair of stable roots (either complex or real) cannot exist,

than one. Thus, there exists exactly one stable eigenvalue. Until now we assumed that
(22 — 1)ecg > 04. If 0 < (22 — 1)ecq < 04 then no non-oscillatory equilibrium exists, and the
equilibrium is stable and uniquely determined if p, > max {1, BY(zo; Xsca)il}.

If o, = 0, the characteristic polynomial reduces to F(X)|s,—0 = (1- X+ X?—Xx— X3+
Xpﬂ)%. Hence, one root equals zero and the remaining roots are given by X? — %MX +

H% =0. As F(0) = H% >0, F'(1) = —H% < 0, and F(1) = Xp"/;l, activeness,

pr > 1, is then necessary and sufficient for local stability and uniqueness. B
6.9 Proof of proposition 9
Applying the linearized forward looking interest rate rule, R, = prE41 and eliminating

consumption, the model in (20)-(22) reads (where we omitted the exogenous state)

GoTt = BE 41 + o111, (32)
G3my — G5BT = P31 — GaTy, (33)

where ¢1 = X%_l [T + o (5ca + Ua)] > 07 ¢2 =1+ Qsl - X%_l (Ul + Uc) ZPr, ¢3 =To? > 07
¢4 = ¢3 - UC%_lzpﬂa ¢5 = ¢4 - (1 *pﬂ)a n = O¢ + ¢ac > 07 and T = 0c0q — 5ca¢ac > 0.
Rewriting the model (32)-(33) gives

o _ f%%fwlf%@f%%% At ) _ p (P
Eimi —39 502 " Tt

The characteristic polynomial of A is given by

(1+B8+x—xpr) X+ x01 (00 + €ca — pr (0a +Eca — zsca))X+T + ZXPr0iEca
Y BY ‘

Given that det(A) = F(0) = B37Y"1 (Y + 2xproicca) > 1, two stable roots and thus in-
determinacy can be ruled out. The value of F(X) at X = 1, which is given by F(1) =

F(X)=X?-
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% (pr — 1), further reveals that pr < 1 is necessary and sufficient for F'(1) < 0

and thus for the existence of exactly one stable root, which lies between zero and one. Local
stability and uniqueness can, however, also be ensured by an active policy pr > 1 if F(X) at
X = —1, which is given by

F(-1)= BLT [T (24 28+ X) +x01 (00 + €ca) + prx (01 ((22 — 1) €ca — 0a) — T)],

is negative, such that there is exactly one stable root between minus one and zero. This,

3 . a ca)+ Y (242 —_—
necessarily requires o; ((2z2 — 1) eee — 04) < T and p; > ﬁa(if(['(lfiz)); fg;ﬁ?g) = —pn3, and

leads to oscillatory equilibrium sequences. H
6.10 Proof of proposition 10

Eliminating the nominal interest rate and applying the linearized money growth rule (16),
the model in (20-(22) reads (where we omitted the exogenous state)

w1 B — [ + 1] My + wa BTy = —0cC + €caMi—1 — EcaTit, (34)
7 = X [(01 4+ 0c) &t — €caMi—1 + EcaTt] + BE:Tr41, (35)
my = My—1 — Ty, (36)

where @1 = (0.(1 — 2) + ¢ac) 271 and @y = (eca(l — 2) — 2 +04) 27 1. The model in (34)-
(36) can be rewritten as:

-1

Et/c\t-i-l wy we —wg — 1 —0O¢ —€ca Eca Et /C\t
Ema | =10 6 0 —x(o1 4+ 0¢) 1 —XEca XEca ™ | =A™
My 00 1 0 -1 1 M1 M1

The characteristic polynomial of A can be reduced to:

1 + B8 — Xeca) — B0 + wax(0c + 01)
w13
OB+t x) — T+ x0(Eatl) e
— + .
w1 w3

In order to disclose the conditions for local stability and uniqueness, we examine F(X) at
X =0and X = 1. Using that F(0) is given by F(0) = —z0.8"! ((z — 1) 0. — ¢gc) *, we can
conclude that F(0) < —1 < ¢ge < (2 — 1) 0. The latter condition further ensures F(X) at
X =1, which is given by

F(x) = x° - x22

01(0a+€ac) + T
Y (= 1oe— )’
to be positive, F(1) > 0 < ¢4 < (2 —1)0.. In this case, there exists at least one stable
root, X1 € (0,1), and, as det(A) = —F(0) > 1, at least one of the remaining two roots must
be unstable. Thus, there cannot exist another (real or complex) stable eigenvalue (see proof

F(1) =

of proposition 8). In order to ensure that both remaining roots are unstable, F'(X) has to be
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negative at X = —1, provided that ¢4 < (2 — 1) 0. Since F'(—1) is given by

1 (22 —04) X (0c+07) + (2 — 1) (20. + 2B0. + X01€ca)
B ((Z - 1) Oc — ¢ac) + (Zac - ¢a,c) (2 + 2/8) + X€ca (¢ac + ZO'Z) ’

F(-1)= -

we can conclude that F(—1) < 0 and that the model is locally stable and unique, given that
0q <2z and ¢gc < (2 —1)0.. A

6.11 Proof of proposition 11

We start with the case where the nominal interest rate is set contingent on current inflation,
Ry = pa7i. Reducing the model (23)-(25) into a two-dimensional system in inflation and
consumption gives (where we omitted the exogenous state)

Py _1 o~ o~
By _ B 0 (1 - wapﬂ') —X (UZ + Uc) + X, Tt — A Uy
Et6t+1 1+ @ppr 0c — @4 (1 + wb) Pr Oc — Wa Ct ¢t ’

¢ac+0'c
€cat0Oa

A, can be simplified to

> 0, wy —==L_ > (). The characteristic polynomial of the matrix

where w, = €. = Ecaz_Ton

Y148+ x) +x01(0a + €ca + (2 = 1)preca) Y1+ xpr) + Xpr01(0a + 26ca)
BY - BY ‘

with det(A) = F(0) = T(pr”)ﬂ‘ﬁpfgl(gaﬁsm) > 1. Hence, local stability and uniqueness are
ensured if F'(X) is positive at X = 1,—1. While F(X) is, regardless of interest rate policy,

F(X)=X?-X

strictly positive at X = —1,

_ T(2 + 25 +x+ Xpﬂ') + Xgl(ga + €ca + prO; + (22 - 1)/)7r5ca,)
BY

the value for FI(X) at X = 1, which is given by F(1) = (pr — 1)X%7 is positive if
interest rate policy satisfies pr > 1. Hence, the equilibrium sequences are for g; > 0 locally

F(-1)

> 0,

stable and unique if and only if pr > 1.

Now, consider the case, where future inflation serves as the indicator for the policy rule,
Ry = prEymiyq. After eliminating inflation with the money demand condition (25), the model
can be reduced to the following 2 x 2 system in real balances and consumption (where we
omitted the exogenous state)

Etﬂ:%tﬂ A 73;% ’
Eicria &
-1
where A — | Xfea ™ Bna x (01 +0c) + By T - |
—Eca Oc¢ *(pﬂ' - 1)770, — Eca (pﬂ, _ 1)7717 + Oc

where 7, = £2t% > ( and 7, = w > 0. The characteristic polynomial of A is given
(z—1)px il (z=1)px
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T
BY + (1 — 2)o1prEcaX
Y(1+ B+ x(1—pr)) +x01(0q + Eca — Tapr — 2prEca)
BY + (1 — 2)o1prEcaX

F(X)=X?+

-X

)

where det(A) = F(0) = Y (BT — (2 — 1)xpr0ieca) ", implying that F(0) > 1 and that
8Y
X01ca(2-1)"
the equilibrium sequences are locally stable and unique (two unstable roots) when F(X) is
positive at X = 1, —1, provided that pr < prz. The value of F(X) at X = 1, which is given

by

there is at least one unstable eigenvalue, if pr < prz, where prq = Hence,

(Y + 0401+ 016ca) (pr — 1) X
BY + (1 — 2)o1prEcaX
reveals that F'(1) > 0 if 1 < pr < pra, which rules out the existence of a positive stable root.

To establish that there is no negative stable root, the value for F(X) at X = —1

F(1) =

)

Y2428+ x) +x01(04 + €ca) — pr(X01(226ca + 04 — €ca) + XT)
BT + (1 - 2)01P7r€caX

F(-1)

)

— Y (2+28+x)+x01(datEca)

has to be positive, F'(—1) > 0, which is ensured by pr < Pr5, where pr5 = IO v o
Hence, for o; > 0 the model is locally stable and unique if 1 < pr < min {pza1, px5}. Local sta-
bility and uniqueness, however, is also ensured if F/(X) is negative at X = —1, 0, and 1, which
requires max{1,pz1} < pr < Prs. For o; = 0, the condition reads pr € (1,14+2(1+3)/x). &

6.12 Proof of proposition 12

Eliminating the nominal interest rate and applying the linearized money growth rule (16),
the model in (23)-(25) reads

—Xecaut + BET+1 = —x (01 + 0¢) ¢ + Ty + X075¢, (37)

— . - Oc + —
MECii1 +REm + 3ty = (m + c—%)ct, (38)
my = My—1 — Ty, (39)

where 71 = 0.(2 —1)271 > 0, 72 = (1 +cc)(2—1)27! > 0 and 13 = (€¢q +04)2z~ 1 > 0. Then
the model in (37)-(39) can be rewritten as (where we omitted the exogenous state):
My —Xeea BOY [0 1 —x (o1 + 0c) M1 Mi_1
B | = 13 e 0 0 7y Zetfae | =A™
Eiciiq 1 00 1-1 0 Ct Cy
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The characteristic polynomial of the matrix A is given by

3 X2713(25 +1—Xeca) + B(0c + ac) + xy22(01 + 00)

F(X)=X
) MzB
+ X’VIZ(Q + B8 — X€ea) + (1 + B — X€ca)(Pac + 0c) + (01 + 0c) (2 +93)2X M=z +0c + Pac
1283 1128 '

To derive the conditions for local stability and uniqueness, which requires one stable and two
unstable roots, we examine F(X) at X =0, F(0) = —%(1 + %%) < —1. As F(X) at
X =1, which is given by

F(l) - X[al(sca + Ua) + Ecarr] (’leﬁ)_l >0,

is strictly positive, there exists one real stable eigenvalue, lying between zero and one. Hence,
there must be at least one unstable eigenvalue, given that det(A) = —F(0) > 1. Thus, the
two remaining (complex or real) roots cannot both be stable. Given that F(X) is strictly
negative at X = —1,

4712 + 2(Pac + 0¢)) (1 + B) + X[Y + 2271 + 122(01 + 0c) + 01(2272 + 273)]

F(=1 = = 126

<0,

the remaining root cannot lie between minus one and zero, indicating that the model is locally
stable and unique. W
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